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Abstract. We give an explicit and essentially minimal list of defining relations of a 
Nichols algebra of diagonal type with finite root system. This list contains the well- 
known quantum Serre relations but also many new variations. A conjecture by An- 
' druskicwitsch and Schneider states that any finite-dimensional pointed Hopf algebra 

over an algebraically closed field of characteristic zero is generated as an algebra by its 
^ . group-like and skew-primitive elements. As an application of our main result, we prove 

O ' the conjecture when the group of group-like elements is abelian. 
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Introduction 



1. Let k be an algebraically closed field fo characteristic zero and let be a natural 
number. Let q = {<lij)i<i,j<e be a matrix with invertible entries on k and let F be a 
vector space of dimension 6. The Nichols algebra associated to q is a graded connected 
^ ! algebra BiV) = ©n>0'S'^(F) with many favourable properties. It plays a fundamental 
role in the classification of finite-dimensional (or finite growth) pointed Hopf algebras. 
Precisely, a basic question in the classification Program jASlj is the following: 

\ Question 1. |Anl Question 5.9].' Given (T^, q), determine if the associated Nichols algebra 

OO ' Biy) is finite- dimensional. In such case, compute the dimension of Biy) and give a 

\ presentation by generators and relations. 

■ The first part of this question has been answered by Heckenberger |H3j . who obtained 

'sj" , the list of all matrices q whose associated Nichols algebra has a finite root system. Roughly, 

' this list contains three classes of matrices: 

• Standard matrices |AAj : they are associated with finite Weyl groups. Their root 
systems coincide with root systems of finite Cartan matrices. This family includes 
properly the so-called braidings of Cartan type, in particular the matrices related 
with the positive part of the small quantum groups. 

. • Matrices of super type |AAY| . related with the positive part of quantized envelop- 

ing algebras of contragradient Lie superalgebras. Their root systems become from 
the corresponding Lie superalgebras. 

• A finite list of exceptional matrices, whose associated diagram has connected com- 
ponents with at most 7 vertices, and the scalars defining these braidings are roots 
of unity of low order. 

There are several answers to the second part of Question [J under particular assumptions: 

> [L] for the positive part of quantized enveloping algebras of semisimple Lie algebras 
and small quantum groups, using the full representation theory of quantum groups; 

> |AS2| for braidings of Cartan type; 

> |Alj for braidings of standard type; 

> |Y] for the positive part of quantized enveloping algebras of contragradient Lie 
superalgebras; 
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l> |AAY| for braidings of super type; 

> |H1| . giving a general form of relations for matrices of rank two; 

t> |Hej for some examples of rank two matrices, but giving explicit relations. 
In |A2j we gave general formulae for defining relations of Nichols algebras of diagonal 
type, see Theorem 11.251 below. The expression of those relations and the proof that they 
generate the defining ideal are independent of Heckenberger's classification; they rely in 
Kharchenko's and Rosso's PBW bases \Kh.\ IR] and a detailed study of convex orders in 
generalized root systems |A2j . through the classification of coideal subalgebras |HSj . In 
this paper we refine the main result of |A2j and prove: 

Theorem 1. A minimal set of relations of B{V) is obtained by considering relations of 
the following type: 

(1) Quantum Serre relations, and powers of generators Xi corresponding to non-Cartan 
vertices; they are needed to introduce Lusztig 's isomorphisms at the level of doubles 
of tensor algebras. 

(2) Relations in the image of the previous ones by the Lusztig 's isomorphisms, and 
correspond to relations (123^ in Theorem \1.25[ 

(3) Relations that guarantee that the ideal generated by the previous relations is a 
braided biideal: they appear in the coproduct of relations of the item (2) in the 
tensor algebra T{V). 

(4) Powers of root vectors ( generators of the PB W basis ) corresponding to roots in the 
orbit of Cartan vertices. 

See Theorem 13. II for a complete and explicit set of relations. In this set we distinguish 
relations appearing in |A2j for standard braidings, and relations in |Y] related with braid- 
ings of super type. There exists also a large list of new relations, related with the set of 
exceptional braidings or with braidings of super type evaluated in roots of unity of small 
order. 

2. The knowledge of the explicit relations of a Nichols algebra has several potential ap- 
plications to the theory of pointed Hopf algebras, that we discuss now: 

• One of the basic question in the Lifting Method [ASH IAS3j for the classification 
of Hopf algebras is the following: 

Conjecture 1. |AS2l Conjecture 1.4] LetV be a finite group andh an algebraically closed 
field of characteristic 0. If H is a finite- dimensional pointed Hopf algebra over k such that 
G{H) = T, then H is generated as an algebra by T and its skew-primitive elements. 

This question was answered in |AS4j for braidings of Cartan type under some mild con- 
ditions. This result was extended to the case of standard braidings in |AGIj . In Section |4] 
we obtain as a consequence of Theorem 13.11 

Theorem 2. Let H be a finite dimensional pointed Hopf algebra over an abelian group T. 
Then H is generated as an algebra by T and its skew primitive elements. 

That is, we answer positively Conjecture [U in a general context: when G{H) is any 
abelian group. This Theorem is also applied to the known cases of finite-dimensional 
Nichols algebras over non-abelian groups 

• Another crucial step of the Lifting Method is to obtain all deformations of the 
pointed Hopf algebras Biy)^\<iT] that is, all the pointed Hopf algebras such that 
their associated coradically graded algebras are isomorphic to Biy)4f\^T. 

This problem was solved for T abelian in |AS4j - under the restriction that the order is 
not divisible by 2,3,5,7. We believe that the explicit presentation in this paper would be 
substancial to solve the question for any abelian group. 
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• The explicit relations would be also useful in the study of various elements in the 
representation theory of pointed Hopf algebras. In this direction, the theory of 
Nichols algebras of diagonal type provides an uniform approach to the study of 
quantum groups and quantum supergroups. 

3. The plan of this paper is the following. We introduce the notion of Nichols algebras in 
Section [TJ We give a PBW basis of any Nichols algebra and some properties of this basis 
following [Khl [R] . Next we recall the notions of Weyl groupoid and its associated root 
system following |CH21 IHSj , and make a connection with the theory of Nichols algebras 
of diagonal type. We present the needed material from jA2j . in particular Theorem 11.251 
a key result for our purposes. 

Section [2] is devoted to Lusztig's isomorphisms in the general context of braidings of 
diagonal type |H4j . extending analogous isomorphisms from [L]. 

In Section [3] we give the mentioned presentation by generators and relations, based in 
the classification of braidings of diagonal type with finite root system |H3j . The strategy of 
proof consists first to define Lusztig isomorphisms for the Drinfeld doubles of the braided 
Hopf algebras C/"*" obtained by quotient by the relations in Theorem [H except the group 
in (4). This quotient is analogous to the algebra U^{q); the Drinfeld double Ug(0) of the 
Nichols algebra is a quotient of the previous algebra, as it was considered by Lusztig and 
Andruskiewitsch-Schneider. We denote these two algebras by f/"*" and u"*", respectively, so 
u"*" = B{V). The existence of the Lusztig's isomorphisms prove that the PBW generators 
corresponding to the algebras and their quotients are the same, but the heigths of 
some generators are not the order of the associated scalar in U~^. Therefore we obtain u+ 
after to quotient C/"*" by some powers of root vectors as in (4). 

Theorem 13.11 extends the presentation obtained in |Alj for standard braidings, and in 
[AAYj for braidings of super type, and gives a new proof in the case of braidings of Cartan 
type, in particular quantized enveloping algebras Uq{g) and small quantum groups Uq{g). 

Finally, Section [5] is devoted to the proof of Theorem [2j We prove first that any finite 
dimensional braided graded Hopf algebra of diagonal type 

S = (Bn>oSn, So = kl, 5i = V, 

generated as an algebra by V is isomorphic to the Nichols algebra 13{V); this result extends 
|AS41 Thm. 5.5], jAGH Thm. 2.5], but the proof follows the same scheme. 

Acknowledges. This work is part of the author's PhD Thesis. I want to thank specially 
to my advisor Nicolas Andruskiewitsch for his inspiring guidance, patience and supervision 
during these years. I want to thank also to my family for all their support, and to Antonela 
for all her love. 

1. Preliminaries 

In this Section we recall results from different works needed in the sequel. First we 
consider the existence of PBW bases for Nichols algebras of diagonal type \Kh\ [R] , and 
the rich combinatoric related to them. Next we recall the definitions of Weyl groupoid, 
the associated root systems and some properties thereof |HS1 IHY] . We close this Section 
stating a general presentation of Nichols algebras coming from |A2j . 

1.1. Lyndon words and PBW bases for Nichols algebras of diagonal type. To 

begin with, we recall the definition of a Nichols algebras and show a characterization in 
the case of a diagonal braiding. 
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Definition 1.1. |AS3] Given V £^ yD, the tensor algebra T{V) admits a unique struc- 
ture of graded braided Hopf algebra in such that V C V{V). Consider the family 6 
of all the homogeneous Hopf ideals of / C T{V) such that 

• I is generated by homogeneous elements of degree > 2, 

• J is a Yetter-Drinfeld submodule of T{V). 

The Nichols algebra B{V) associated to V is the quotient of T{V) by the biggest ideal 
I{V) of 6. 

Let {V, c) be a braided vector space of diagonal type such that qij = qji for any Let 
r = Z^, and ai, . . . ,ag be the canonical basis. We set the characters Xi^ ■ ■ ■ iXe of T given 

by Xj{ai) = qij, 1 < hj < G- 

Consider y as a Yetter-Drinfeld module over kP such that Xj G ■ In this context we 
can characterize the Nichols algebra as a quotient that admits a certain non-degenerate 
bilinear form. 

Proposition 1.2. (L[ Prop. 1.2.3], |AS31 Prop. 2.10] There exists a unique bilinear form 
(•!•): T{V) X T{V) k such that (1|1) = 1, and: 



(1) ixi\xj) = 6ij, for any ij; 

(2) {x\yy') = {xi\y){x2\y'), for any x,y,y' e T{V); 

(3) ixx'\y) = {x\yi){x'\y2), for any x, x' ,y e T{V). 

This is a symmetric form, for which we have: 

(4) {x\y) = 0, for any x G T{V)g, y G T{V)h, g,heT, g^h. 



The radical of this form {x € T{V) : {x\y) =0, Vy € T(y)} coincides with I{V), so (-I-) 
induces a non- degenerate bilinear form on B{V) = T{V)/I{V), denoted also by {■]■). □ 

Therefore I{V) is a Z^-homogeneous ideal, and then B{V) is Z^-graded. 

Let A be an algebra, P,ScA and /i : 5 i— >• N U {oo}. We fix a linear order < on S. 
B{P, S,<,h) will denote the set 

{psl\..sp :t eNo, si>--->st, Si G 5, < et < h{si), peP}. 

If B{P,S,<,h) is a k-linear basis, we say that {P, S, <,h) is a set of PBW generators^ 
whose height is /i, and B{P, S, <, h) is a PBW basis of A. 

We will describe a particular PBW basis for any graded braided Hopf algebra B = 
(BugnB^ generated hy B^ = V as an algebra, where V is a braided vector space; we will 
follow the results in |Khj . 

Fix G N, and a set X = {xi, . . . Let X be the set of words with letters in X 

and consider the lexicographical order on X. 

Definition 1.3. An element n G X, u ^ 1 is a Lyndon word if for any decomposition 
u = vw, f,wGX — {l},we have u < w. We will denote the set of all Lyndon words by L. 

Remark 1.4. • Each Lyndon word begin with its smaller letter. 

• Each li G X — X is a Lyndon word if and only if for each decomposition u = uiU2 
with til, n2 G X \ 1, we have uiU2 = u < U2Ui. 

• If til, n2 G L and ui < U2, then uiU2 G L. 
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A basic Lyndon's result says that any word « G X admits a unique decomposition as 
non-increasing product of Lyndon words: 

(5) u = I1I2 . . .Ir, li ^ L,lr < ■ ■ ■ < h- 

It is called the Lyndon decomposition of u G X, and the Zj G L in ([5]) are called the Lyndon 
letters of u. 

Another characterization of Lyndon words is the following: 

Lemma 1.5. [Kh^ p. 6] Let n € X — X. Then u ^ L if and only if there exist ui,U2 G L 
such that ui < U2 and u = uiU2- □ 

Definition 1.6. For each u G L — X, the Shirshov decomposition of u is the decomposition 
u = U1U2, ui,U2 G L, such that U2 is the smallest end of u between all the possible 
decompositions with these conditions. 

Given a finite-dimensional vector space V, fix a basis X = {xi, . . . ,xq} de V; we can 
identify kX with T(y). In what follows we consider two graduations for the algebra T(V): 
the usual No-graduation T{V) = ©„>oT"^(l/), and Z^-graduation of T{V), determined by 
the condition degXi = oti, 1 < i < 0, where {ai, . . . ,00} is the canonical basis of Z^. 

Consider a braiding c for V. The braided bracket of x, y G T{V) is defined by 

(6) [x, y]c := multiplication o (id — c) (x (g) y) . 

Assume that (V, c) is of diagonal type, and let x : x by the bicharacter 

determined by the condition 

(7) xioiii<^j) = Qijj for each pair I < i, j < 0. 
Then, for each pair of Z^-homogeneous elements u, w G X, 

(8) c{u IE) v) = Qu^^v IE) u, = x(degn,degt;) G k^. 

In such case, the braided vector satisfies a "braided Jacobi identity" and determines skew- 
derivations as follows: 

(9) [[u, v]^ , w]^ = [u, [v, - x(a, P)v [u, w]^ + x{f3, 7) [1^, Mc 

(10) [u,v w]^=[u,v]^w + x{a,P)v [u,w]^, 

(11) [u v,w]^ = x{(3,l)[u,w]^ V + u [v,w]^, 

where u,v,w G T{V) are homogeneous of degree a,/3,7 G N^, respectively. 

Using the previous decompositions, we can define the k-linear endormorphism [— ]^ of 
kX as follows: 

u, if li = 1 or li G X; 

[Mc ' MJc) if li G L, £{u) > 1, u = vw is the Shirshov decomposition; 
[ui]^ . . . [ut\^ , if u G X — L and its Lyndon decomposition \s u = ui . . .ut. 

Definition 1.7. The hyperletter corresponding to Z G L is [l]^. An hyperword is a 
word whose letters are hyperletters, and a monotone hyperword is an hyperword W = 
[ui]^^ . . . [umlc™ ^^^1^ that Ml > • • • > Urn- 
Remark 1.8. For any u L, [u]^ is a Z [gjj]-linear combination of words with the same 



Z^-graduation than u, such that [u]^ G u -|- k] 

Theorem 1.9. [Rl Thm. 10] Let u,u & L, u < v. Then [[u]^,[v]^]^ is a Z [qij]-linear 
combination of monotone hyperwords [li]^ . . . [Ir]^! h G L, such that the corresponding 
hyperletters satisfy v > li > uv . Moreover, [uv]^ appears in such combination with non- 
zero coefficient and each hyperword has the same -graduation than uv. □ 
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The comultiplication of hyperwords in T(y) has a nice expression, as we can see in the 
following result. 

Lemma 1.10. [Rl Thm.l3] Let ui, . . . , Ur,v € L, whit v < Ur < • • • < ui. Then, 

i=0 ^ ^ 1v,v 

+ E 4f...,.,^['i]c---[yc[<; 

0<j<m 

Where xf^ is -homogeneous, and deg{x^-'^^ + deg(/i . . . /pt;-') = deg(n). □ 

Another useful result from [Rj is the following one. 
Lemma 1.11. For each I ^ L let Wi he the subspace ofT{V) generated by 

(12) [h]c[l2]c---[lk]c, keNo,heL,h> ...>k>l. 

Then Wi is a left coideal subalgebra ofT{V). □ 



We consider another order in X as in [U]; it was implicitly used in |Khj . Let u,v € X. 
We say that u y v if i{u) < i{v), or £{u) = £{v) and u > v for the lexicographical order. 
This order >- is total, and it is called the deg-lex order. 

The empty word 1 is the maximal element for )- , and this order is invariant by left and 
right multiplication. 

Let / be an ideal of TiV), and R = T{V)/I. Let vr : T(y) R he the canonical 
projection. We set: 

Gi := {ueX:u^ kX^„ + 1} . 

Note that if n € G/ and u = vw, then v,w € Gj. Therefore each n S G/ is a non-increasing 
product of Lyndon words of Gj. 

Proposition 1.12. [Khl |R] The set7r{Gi) is a basis of R. □ 

In what follows / will denote a Hopf ideal. Consider the set Sj := Gj PI L. Define 
/i/ : 5"/ — )• {2, 3, . . . } U {oo} according to the following condition: 

(13) hj(u) := min 

We recall the following result and its corollaries following |Khj . 

Theorem 1.13. B'j := B {{1 + 1} ,[Si]^ + I,<,hj) is a PBW basis ofH = T{V)/I. □ 

Corollary 1.14. A wordu belongs to Gj if and only if the corresponding hyperletter [u]^ is 
not a linear combination, modulo I, of greater hyperwords [w]^, w y u, whose hyperletters 
are in Sj. □ 

Corollary 1.15. IfvGSj is such that hj{v) < oo, then q^^y is a root of unity. Moreover, 
if Old Qy^y = h, then hi{v) = h, and [v]^ is a linear combination of hyperwords [w]^, 
w y v^. □ 
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1.2. Weyl groupoids and root systems. We follow the notation in |CHlj . Fix a non- 
empty set X, and a finite set /. For each i G / we fix a bijective function : X ^ X, and 
for each X G X a generalized Cartan matrix = {a^)ij^i. 

Definition 1.16. [HYIICHT] The 4-uple C := C{I, X, (ri)ie/, iA^)xex) is a Cartan scheme 
if it holds: 

• for any i £ I, rf = id, and 

• for any X G X and any pair i,j £ I: afj = a^f'^^- 

For each z € / and each X € X we denote by sf the automorphism of given by 

sf{aj) = aj — afjUi, j G /. 

The Weyl groupoid of C is the groupoid W{C) whose set of objects is X and whose mor- 
phisms are generated by sf, considered as elements sf G Hom(X, ri(X)), i £ I, X £ X. 

In general we denote W{C) simply by W, and for each X £ X: 

(14) Hom(W, X) := Uy^X Hom(y, X), 

(15) ''^ := {w{ai) : i £ I, w £ Rom{W,X)}. 

re -g ^j^g q£ j.g^^ roots of X. Each G Hom(VV,Xi) is written as a product 
s^^s^^ • • • sj^", where Xj = ri._^-^ ■ ■ ■ rj^(Xi), i>2. We denote it by -u; = idxi • • • Si™: 
it means that w £ Hom(W,Xi), because each Xj G X is univocally determined by this 
condition. The length of w is defined by 

(.{w) = min{n G Nq : 3ii, . . . ,in £ I tales que w = idx Sii • • • Sj„}. 
We assume that W is connnected: that is, Hom(y, X) ^ 0, for any pair X,Y £X. 

Definition 1.17. jHYl ICHlj Given a Cartan scheme C, consider for each X G X a set 
C iJ . We say that 7^ := 7^(C, (A^)jcg^) is a rooi sysiem o/ type C if 

(1) for any X £ X, A''^ = (A^ n N^) U -(A^ n N^), 

(2) for any z G / and any X G X, A^ n Zq^ = {±ai}, 

(3) for any i G / and any X £ X, sf{A^) = A^«(^), 

(4) if mfj := |A^ n (Noa^ + Noaj)|, then (rjrj)'"^ (X) = (X) for any pair i ^ j £ I 
and any X G X. 

A^ := A"^ C Nq is called the set of positive roots, and A^ := — A^ is the set of negative 
roots. 

Remark 1.18. From (2) and (3) we deduce that A^ C A^^, for any X G X. 
For each positive root a = 'Ylii'f^i'^i-, the support of a is the set 

supp a := {i : 1 < i < ^, 7^ 0}. 

By (3) we have that w{A^) = AX for any w £ Hom(y, X). We say that TZ is finite if 
A'''" is finite for some X G X. By |CHH Lemma 2.11], it is equivalent to the fact that all 
the sets A^ are finite, X G X, and also that W is finite. Moreover, for any pair i ^ j £ I 
and any X G X, we have that kai + a,- G A"^ if and only if < A; < —a-^-. Therefore, 

(16) (^fj=~ max{A; G Nq : kai + aj G A^}. 

A fundamental result involving root systems is the following one: 

Theorem 1.19. [CH2l Thm. 2.10] For every a £ Af \ {ai : i = 1, . . . 9}, there exist 
/3, 7 G A'^ such that a = /3 + 7. □ 

We give now some results about real roots and the length of elements. 



wsj) = m — 1 if and only if w{aj) € . □ 
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Lemma 1.20. jHY[ Cor. 3] Let m £ N, X,Y e X, ii, . . . , im,j £ I, w = idx Si^ ■ ■ ■ Si^ G 
Hom(y, X), where i{w) = m. Then, 

{wSj) = 771+1 if and only if w{aj) € A^, 
Sj) = m — 1 if and only if w{aj 

Proposition 1.21. |CHH Prop. 2.12] For any w = idx Sii • • • G W such that £{w) = 
m, the roots fij = Si^ - ■ ■ Si._-^{ai.) G A"'^ are positive and all different. If TZ is finite and 
w is an element of maximal length, then {/3j} = A^. Therefore all the roots are different: 
that is, for each a G A^^ there exist ii, . . . , i^, j G / such that a = Si^ - ■ ■ Si^{xj). □ 

Call A^ the set of de grees of a PBW basis of B{V), counted with their multiphcities, 
as in |H2j . It does not depend on the PBW basis, see |H21 lAAj . We can attach a Cartan 
scheme C, a Weyl groupoid W and a root system TZ, see |HSl Thms. 6.2, 6.9]. To do this, 
define for each 1 < i ^ j < 6, 

(17) - Oij := min {n G Nq : (n + l)g,,(l - qfiqijqji) = 0} , 

and set = 2, Sj G Aut(Z^) such that Si{aj) = aj — aijOi. 

Set Qrs = x{si{oir), Si{as))- Let Vi be another vector space of dimension 6, and attach 
to it the matrix q = (qrs)- By |H2j . 

A^' = s, {Al \ {ai}) U {ai}. 

If we consider A^ = U (— A^f^), last equation lets us to define the Weyl groupoid of V, 
whose root system is defined by the sets A^' , V' obtained after to apply some refiections 
to the matrix of V. 

1.3. Defining relations of Nichols algebras of diagonal type. 

Proposition 1.22. |A21 Prop. 3.1] Assume that the braiding matrix is symmetric. Then 
a PBW basis of Lyndon hyperwords of B{V) is orthogonal with respect to the bilinear form 
in Proposition \l.^ □ 

Corollary 1.23. [H Cor. 3.2] If u = x^*^ • • • xf^, where < Uj < Np^, then 

M 

(18) Cu := {u\u) = W rijlq^^c^l^ / 0. 

□ 

Remark 1.24. Notice that: 

{xp^Xp^\u) = (x^JU(i))(x;3ju(2)) = dijC^pC:,^,, 

where dij is the coefficient x^. ^Xj^. for the expression of A[u) in terms of the PBW basis 
(both factors of the tensor product). 

For each pair 1 < i < j < 9, we denote 

that is, the set of hyperwords whose hyperletters are between X/j. and x^^. 

Let {W,d) be a braided vector space of diagonal type that admits a basis xi, . . . ,X6i 
such that, for some qij G k^, d{xi (8) xj) = qijxj (g) Xj, where qij = qji , and {V,c), {W,d) 
are twist equivalent: 

qijqji = qijqji, qu = qii, i < « 7^ j < 0. 
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Call Xfs = [li3]d, the hyperletter corresponding to for the briading d. If 
call also 

^ — ^^"M . . . I^ni 

CI ^ O JiJ Q , 

PM Pi 

Let o" : X ^ be the bicharacter determined by the condition 



riA/ m 



(19) <y{9i,9j) 



qijqij\ i<j 
1, i>j 



Define ta^ = 1 for any 1 < i < 9, and inductively, 
For each u = x^^J • • • call 

(20) /(n):= n n ^{l^^^l^iP^it- 

l<i<j<M l<i<M 

Finally, for each pair 1 < i < j < and u = xV"' ■ ■ ■ x^^ , let 



(21) cl 



f{u) (£ft£ff.|S) 



where (•!•) is the bilinear form corresponding to {W,d), and cq is the scalar in Corollary 
11.231 Such scalars let us to give a presentation by generators and relations as follows. 

Theorem 1.25. |A21 Thm. 3.9] Let {V,c) be a finite-dimensional braided vector space of 
diagonal type such that is finite. Let xi, - ■ ■ ,xe be a basis ofV such that c{xi ®Xj) = 
where (qij) G (k^)^^^ is the braiding matrix, and let {Xj3^.}i^^^/^v be the set of 
hyperletters corresponding to the fixed order of the basis of V. 
Then B{V) is presented by generators xi, . . . , xg, and relations 

(22) x^' =0, /3 e A^, ordiqp) = < oo, 



(23) [xft,x;3,],= 



u£Bij-{xp.Xis.}: degit=ft+/3j 



where cfj are as in ([2T]) . Moreover, {x^^^ ■ ■ • x^^ : < Uj < Nf^.} is a basis of B{V). □ 



2. LuszTiG Isomorphisms of Nichols algebras of diagonal type 

In this Section we recall the Lusztig isomorphisms |H4j of Nichols algebras of diagonal 
type, which are a generalization of the isomorphisms of quantized enveloping algebras in 
[L] . We shall consider different quotients of the tensor algebra of a braided vector space 
of diagonal type and the Drinfeld doubles of their bosonizations by a free abelian group. 

Notation: Let x : x — ^ be a bicharacter, q^j = x(cki, aj). Then and 
will denote the bicharacters: 

X°P(a,/3) :=x(/3,«), x'^a, (3) := x{a, f3)-\ a,f3eZ'. 

Also, for any automorphism s : — )■ Z^, s*x will denote the bicharacter defined by 

(24) {s*x){a,P)-=x{s'Ha),s-\p)), a,/3GZ^ 
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Let (V,c) a braided vector space of diagonal type, whose braiding matrix is (qij). We 
consider T{V) as an algebra in the category of Yetter-Drinfeld modules over kZ^ as above. 
We follow the results in |H41 Section 4.1]. 

Definition 2.1. The Drinfeld double U{x) of the Hopf algebra T(V)#kZ^ is the algebra 
generated by elements Ei, Fi, Kf, Lf, 1 < i < 6, and relations 

XY = YX, X,Y £{Kf,Lf -.IKiKO}, 

KiK-' = L,LT^ = I, 

KiEjK-'^ = qijEj, LiEjLT^ = qJi^Ej, 

KiFjK-' = qr^F„ L,F,Lr^ = q,,F„ 

EiFj — FjEi = ^i,j{Ki — Li). 

It admits a Hopf algebra structure, where the comultiplication satisfies 

A{Ki) = Ki(g)Ki, A{Ei) = Ei ^ I + Ki (g) Ei, 

A{Li) = L,®Li, A{Fi) = Fi (g Li + 1 (g Ei, 

and then e{Ki) = e{Li) = 1, e{Ei) = e{Fi) = 0. 

Notice that hl{x) is a Z^-graded Hopf algebra, where the graduation is characterized 
by the following conditions: 

deg{Ki) = deg(Li) = 0, deg{Ei) = Oi, deg(Fi) = -a^. 

^^ix) (respectively, ZY~(x)) denotes the subalgebra generated by Ei (respectively, Fi), 
1 < i < 6, U~^0{x) (respectively, U~0{x)) is the subalgebra generated by Ki (respectively, 
Li), 1 < i < 9, and finally lA^ix) is the subalgebra generated by Ki and Lj. Note that 
ti^{x) is isomorphic to kZ^^ as Hopf algebras. Moreover, the subalgebra generated by 
U~^{x) and Ki, 1 <i <9,\s isomorphic to T{V)#k.'Z^ , so U~^{x) is isomorphic to T{V) as 
braided graded Hopf algebras in the category of Yetter-Drinfeld modules over kZ^, where 
we consider the actions and coactions: 

Ki-Ei=qijEi, S{E,) = Ki(gEi. 



We will consider a family of useful isomorphisms as in |H41 Section 4.1]. 

Proposition 2.2. (a) For any a = (oi, . . . ,051) € (k^)^ there exists a unique algebra 
automorphism ipa ofU{x) such that 

(25) ipaiKi) = Ki, ipa{Li) = Li, ipaiEi) = aiEi, ipa{Fi) = a~^Fi. 

(b) There exists a unique algebra automorphism 0i ofU{x) such that 

(26) MK^) = K-\ MLi) = L-\ MEi) = F,Lr\ ^Fi) = K-^E,. 

(c) There exists a unique algebra isomorphism 02 '-U^x) -^lA{x~^) such that 

(27) (t>2{Ki) = Ki, (t>2{Li) = L„ MEi) = Fi, ^Fi) = -E^. 

(d) There exists a unique Hopf algebra isomorphism (j)-^ : lA{x) ~^ U{x°^)'^°^ such that 

(28) (|)3{K^) = Li, cl)3iLi) = Ki, <i)3{Ei) = F„ MF^) = Ei. 

(e) There exists a unique algebra antiautomorphism 04 de U{x) such that 

(29) MK^) = K„ MLt) = Li, ^i{Ei) = Fi, ^^Fi) = Ei. 

(f) Let a = (—1, ■ ■ ■ , —1). The antipode S ofU{x) is given by the composition S = 
0104^^0 • Also, 04 = id. □ 
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As in |H4] we will consider some skew-derivations. A will denote the braided comul- 
tiplication of V(~^{x), which is N-graded: if £' G l^^ix) is homogeneous of degree n, and 
G {0, 1, . . . , n}, A„_fc ki^) '^ill denote the component of A(£') in U^{x)n-k ® ^~^{x)k- 

Proposition 2.3. For any i G {!,..., 0} there exist linear endomorphisms 9/^, df' of 
V(~^{x} such that 

EFi - FiE = df{E)Ki - Lidf{E) for all E G U+{x)- 

Such endomorphisms are given by: 

e e 

An^iAE) = J29f(.E) E,, A,^^_,{E) = Y,Ei0 d[{E), E G U+U)n, 

1=1 1=1 

and satisfy the following conditions: 

9f (1) = (1) = 0, 

df{E,) = dHE,) = 6ij, 
dfiEE') = df{E){K, . E') + Edf{E'), 
dtiEE') = dt{E)E' + (Lri • E)dt{E'), 
for all j G {1, . . . , 9}, and all pair of elements E, E' G U'^{x)- D 

We recall now a characterization of quotients of the algebra h{{x) with a triangular 
decomposition [H4^ Section 4.1]. According to |H41 Prop. 4.14], the multiplication 

(30) m:U+{x)®U\x)(^l^~U)^i^{x) 
is an isomorphism of Z^-graded vector spaces. 

Proposition 2.4. Let Z+ C Hkere (respectively, Z~ C nkerej be an ideal of 
U'^{x) (respectively, U~{x))- The following conditions are equivalent: 

• The multiplication (130p induces an isomorphism 

m : U+{x)/T+ ®U\x)(^U~{x)/l- ^ U{x)/{T+ 

• The vector spaces X'^U^ {x)U~ (x) y {x)U^ {x)T~ are ideals ofU{x)- 

• For all X G U^{x) and a// i G {1, . . . , 6} we have 

X.X+CX+, af(Z+)cZ+, {MI')) Cl<t>A{T-), 

x-i-di-, 81^(1+) ci+, dl^iMi'))cMi-)- 

□ 

Lemma 2.5. |H41 Cor. 4.20] Let be an braided biideal ofL(^{x), which is also a 
Yetter-Drinfeld lA^{x)-submodule and satisfies L~^ C ©n>2Z^'^(x)n- Then L^l{^(x)K~ (x) 
is a Hopf ideal ofU{x)- □ 

We will assume that all the integers — ajj of (jl7p associated with the braiding matrices 
{qij) are defined. Then we consider the automorphisms Sp^^ : — >■ Z^. We define also the 
scalars 

(31) Ai(x) := (-api)gpp H ilpplpiUp - ^ ^ ^ P- 

s=0 

Denote by E_i, F_i, I£i, Li the generators corresponding to ^(s*x), and by q^. = s*x(Q;j, Oj) 
the coefficients of the braiding matrix corresponding to SpX- 
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Definition 2.6. We say that p G {1, . . . ,9} is a Cartan vertex if it satisfies 

ord Qpp TJipj + 1, for every j 7^ p. 

In such case, note that the existence of the integers rupj imphes that Qpp^qpjqjp = 1- 

We denote by 0{x) the union of the orbits of the simple roots ap by the action of the 
Weyl groupoid, where p is a Cartan vertex. 



Fix p € {1, . . . , 9}. For any i p we define as in |H4I 
and recursively, 



F,~^ F,~ — F,- F~ — F- 



(32) 

(^^) ^i,m+l{p) 

(34) 

j,m+l(p) 

(35) 

j,m+l(p) 



^P^i,m{p) ~ (-^P ■ ^i,m{p)>^P-' 
^P^i^m{p) ~ (-^P ■ -^^m(p))-^P' 
^P'^i,'m{p) ^E-p E^^^^p-^Fp. 

When p is explicit, we simply denote E^^^-^ by Ef^. By |H41 Cor. 5.4] the following 
identity holds for any m G Nq: 

(36) E+^F, - FiE+^ = (m),^^ {q'^p-\p^q^p - l)LpE+^^,. 

Fix a braided graded Hopf algebra B = T(y)/I, where / is a graded Hopf ideal 
generated by homogeneous elements of degree > 2. For each 1 < j < 9, p ^ j, we define 

(37) M^-iB) := {Ef^^ : m G No} . 
In what follows we consider ord(l) = 1. 

Remark 2.7. If = in ^, with N minimal (it is called the nilpotency order of Xi), then 
qu is a root of unity of order N. Moreover, [adcXi)^ Xj = 0. 

We recall a result from |Alj extending |H21 Prop. 1, Eqn. (18)]. 

Lemma 2.8. For eachp G {1, . . . , 9}, let B±p be the subalgebra generated by iJj^pM^-{B), 
and denote rip = ord(gpp). There exist isomorphisms of graded vector spaces: 

• kei{d^) ^ ® k [Ep"] , kev{d^) ^ ® k [Ep''] , if 1< ord(gpp) < 00 but Ep 
is not nilpotent, or 

• keT:{dp) = B+p, k.eT{dp) = B^p, ifovd{qpp) is the nilpotency order of Ep or qpp = 1. 
Moreover, the multiplication induces an isomorphism of graded vector spaces B = B^ (8> 

k[Xp]. □ 

Set Np = ordqpp. We call, following jH4j . X+(x) (respectively, Z~{x)) to the ideal of 
^~^ix) (respectively, U~{x)) generated by 

(a) Ep'' (respectively, Fp^), if p is not a Cartan vertex, 

(b) -Ej^mpi+i (respectively, F^^^_^-^), for each i such that Np > nipi + 1. 

Notice that Ef^^,j^^ G 2j^(x) foi^ ^'^Y ^ such that Np = nipi + 1. We denote: 
Upix) ■.= U{x)/ {X;{x)+^p{x)) , U;{x) :=U+ix)/I^ix), {x) ■.= U- [x) l^p ix)- 
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/+(x) will denote the ideal ofU~^{x) such that the quotient l^^ (x) / ix) is isomorphic 
to the Nichols algebra of V; that is, the greatest braided Hopf ideal of U~^{x) generated 
by elements of degree > 2. Call I~{x) = 4'4:{I~^ ix)) i where cf)^ is defined by (p9]) . and 

u±(x) ■.= U^ix)/I^ix), u(x) :=ZY(x)/(/^(x) + /+(x)). 

In such case, u(x) is the Drinfeld double of the algebra u'''(x)#kZ^, where kZ^ = U~^^{x)- 
The Lusztig isomorphisms can be defined in this general context. 

Theorem 2.9. |H4l Lemma 6.5, Theorem 6.12] There exist algebra morphisms 

(38) Tp,T- :Upix)^Upis;x) 
univocally determined by the following conditions: 

Tp{Kp) = T-{Kp) = K-\ Tp{Ki) = T-{K,) = K^^'K,, 

Tp{Lp) = Tp {Lp) = Lp^, Tp{Li) = Tp (Li) = Lp ^'L^, 

Tp{Ep) = EpLp^, Tp{Ei) = Kf^rapii 

Tp{Fp) = K~^Ep, Tp{F,) = \{s*pX)-^Fl^^^, 

Tp{Ep) = K-^Fp, T-{Ei) = X{s;x'Y'E-^^^^, 

Tp{Fp) = EpLp\ Tp{Fi) = FT^^^. 

for every i ^ p. Both are isomorphisms satisfying 

TpTp = TpTp = id, TpiU+pix)) = Ulp{s*pX). 

Moreover, there exists A € (k^)^ such that 

(39) Tp o (/)4 = (/)4 o Tp o (fx- 

Such isomorphisms induce algebra isomorphisms (denoted by the same name): 

Tp,Tp ■.uix)^uis;x). 

□ 

Remark 2.10. If the homogeneous elements X,Y G Up{x) such that Tp{X),Tp{Y) € 
U^{s*x), as degTp(X) = Sp(degX), it follows that 

Tp{[X,Yl) = [Tp{X),Tp{y)l. 
3. An explicit presentation by generators and RELATIONS OF Nichols 

ALGEBRAS OF DIAGONAL TYPE 

We shall obtain a family of isomorphisms induced by the ones in the previous Section. 
In this case we shall consider a quotient ofU{x) by an ideal which is smaller than + 
I~^{x))- Such ideal will be generated by some of the relations in Theorem 11.25^ and will 
be the smallest one such that it is possible to define all the family of isomorphisms over 
the Weyl groupoid. It will give us a relation between the Hilbert series of these algebras, 
and new sets of roots. We shall use at the end the uniqueness of the root system, when 
the Weyl groupoid is finite. 

For each m € N, we define the elements X(m+i)Q;j+maj ^ ^(x) recursively: 

• if m = 1, X2ai+aj ■= ia.dcXi)'^Xj, 

• ^(m+2)Qi + (m+l)oj [^(m+l)ai+maj 5 (adc Xj)xj]c. 
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We give now the main result of this section, which is Theorem 13.11 it gives an exphcit 
presentation by generators and relations of any Nichols algebra of diagonal type with 
finite root system. We begin by proving several Lemmata to show the existence of Lusztig 
isomorphisms for some Hopf algebras. These Hopf algebras are intermediate between the 
tensor algebra and the Nichols algebras of a given braided vector space. Finally we use 
those Lusztig isomorphisms to prove the Theorem. 

Theorem 3.1. Let {V,c) be a finite- dimensional braided vector space of diagonal type, 
with braiding matrix {qij)i<ij<e, 9 = dimV, and fix a basis xi,...,xq of V such that 

Let X be the bicharacter associated to (qij). Assume that the root 
system is finite. Then B{V) is presented by generators xi, . . . ,xg and relations: 

(40) =0, a G Oix); 

(41) (ad,xO"^-+S=0. 

(42) x^' =0, i is not a Cartan vertex; 
o J G {1, • • • , 0} satisfy qu = q^qji = qjj = -1, 

(43) {{ad^Xi)xjf = 0; 

o J, k e {1,...,9} satisfy qjj = -1, qij^q^i = qijqjiqjkqkj = 1, 

(44) [{adcXi){adcXj)xk,Xj]^ = 0; 

o j G {1, • • • , 0} satisfy qjj = -1, quqijqji G Gq, and also qu G G3 o m.y > 3, 

(45) [(adcXj)^Xj, {adcXi)xj]^ = 0; 

ifij, k £ {I,... ,9} satisfy qu = ±qijqji G G3, qikqki = 1, and also -qjj = qjiqijqjkqkj = 

1 or qj^ = qjiqij = qjkqkj 7^ -1, 

(46) [{adcXi)'^{adcXj)xk, {adcXi)xj]^ = 0; 
o ifi,j,k G {1,... ,0} satisfy qikqki, qijqji, qjkqkj 1; 

(47) [xi, (adcXj)xfc] 1 qjkqkj ^(^g^(i^Xi)xk,Xj] - qij{l - qkjqjk) Xj{adcXi)xk = 0; 

qkj[^ - qikqki 

o if i,j, k G {1, ■ ■ ■ ,0} satisfy one of the following situations 

° qu = qjj = -1; {qijqji)"^ = (qjkqkj)'^, qikqki = i, or 

° qjj = qkk = qjkqkj = -i, qu = -qijqji e G3, qikqki = 1, or 

° qu = qjj = qkk = -i, qijqji = qkjqjk e G3, qikqki = 1, or 

° qu = qkk = -1, qjj = -qkjqjk = (qijqji)^^ e G3, qikqki = 1, 

(48) [[(adcXi)xj, (adcXi)(adcXj)xfc]^ ,Xj]^ = 0; 

o ifij, k e {I,... ,9} satisfy qu = qjj = -I, {qijqji)^ = {qjkqkj)~^ , qikqki = 1, 

(49) [[(adcXi)xj, [(adcXi)xj, (adc Xi)(adc Xj)xfc] J ^ , Xj] ^ = 0; 

o if hj,k,l G {I,..., 9} satisfy qjjqijqji = qjjqkjqjk = 1, (qkjqjk)"^ = {qikqki)"^ = qih 

qkk = —1; qikqki = qnqu = qjiqij = i; 

(50) [[[(adcXi)(adcXj)(adcXfc)x/,Xfc]^ ,Xj]^ ,Xfc]^ = 0; 
o ifi.j, A: G {1, . . . , 61} satisfy qjj = q~^q'^l = qjkqkj G G3, 

(51) [[(adcXi)(adcXj)xfc,Xj]^Xj]^ = 0; 
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o ifi,j, k e {l,...,e} satisfy qjj = q'-^qji = qjkQkj G G4, 

(52) [[[{adcXi){adcXj)xk,Xj]^,Xj]^,Xj]^ = 0; 

o ifi,j,k e {I,... ,9} satisfy qu = -I, q~^ = -qijqjiqjkqkj ^ {-'^,qijqji}, Qikqki = 1, 

(53) [{adcXi)xj, {adcXi){adcXj)xk]^ = 0; 

o ifij, k £ {1,... ,9} satisfy qjkqkj = 1, qu G G3, qijqji, q^qik / 

(54) [{adcXifxj, [adcXifxk]^ = 0; 
o j G {1, • • • , 6*} satisfy -qu, -qjj, quqijqji, qjjQjmj / 1; 

(55) (1 - qijqji)qjjqji [xi, [{adcXi)xj,Xj]^]^ - (1 + Qjj){'^ - QjjQjiQij) iiadcXi)xjf = 0; 

o ifij G {1,...,9} satisfy qjj = -1, quqijqji ^ Ge, and also rrnj G {4,5}, or niij = 3, 
qu G G4, 

(56) [xi, UadcXi)'^Xj, {adcXi)xj] ] QnQjtQij — QnQjiQijQjj ng^^^^.^2^ \'i ^ q. 

" [1 - quQijqjijqji 

o if i,j G {1, ■ ■ ■ ,9} satisfy Aai + 3aj ^ A^, qjj = —1 or rriji > 2, and also rriij > 3, or 
niij = 2, qu G G3, 

(57) [X3a,+2aj , (adc Xi)Xj]c = 0; 

o J G {1, . . . , 9} satisfy Sui + 2aj G A^, 5aj + Suj ^ A^, and q%qijqji, quqijqji / 1, 

(58) [(adcXi)^a;j,X3a,+2aJc = 0; 

o J G {1, . . . , 61} sate/y 4aj + ?,aj G A^, 5aj + Auj ^ A^, 

(59) [a;4Qi+3Qj , (adc Xi)xj\c = 0; 

o J G {1, . . . , 6'} safe/y 5ai + 2aj G A^, Toj + Sa^ ^ A^, 

(60) [[(adca;j)^Xj, {adcXifxj], {adcXifxj\c = 0; 
o J G {1, . . . , 9] satisfy qjj = -1, Soj + 4aj G A^, 

.fin , 1 ^-(i + gn)(i-feC)(i + C + gnC^)4C\ 2 _n 

« QuQijQji 

where Q = qijqji, a= (1 - C)(l - ^i^iC^) - (1 - feC)(l + fe)9MC, ^ = (1 - 0(1 - ^«^iC^) - a teC- 

In what follows we will use implicitly the isomorphism BiV) = u^(x) determined by 
Xi^ Ei] in this way, we identify B{V) as a subalgebra of u(x)- 

For any bicharacter x whose root system is finite, J~^{x) denotes the ideal oiU^{x) 
generated by all the relations in Theorem 13. H except (jiO]) . Call also J~{x) ■= (piiJ'^ (x)), 

U{x) := U{x)/J{x), U^ix) := U^{x)/J^{x)- 

We prove first that J'^{x) is contained in the ideal defining the corresponding Nichols 
algebra. The following Lemma was proved with Agustin Garcia Iglesias and is implicit in 
other papers. 

Lemma 3.2. Let I C TiV) he a braided homogeneous biideal ofT{V), so there exists 
a surjective morphism of braided graded Hopf algebras tt : R := TiV) /I BiV). Let 
X G ker TT, x 7^ 0/ minimal degree k>2. Then x is primitive. 
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Proof. As TT is a morphism of graded braided bialgebras, kerTr is a graded biideal: 

n 

A(x) = X (g) 1 + 1 (g) X + ^ 6j (g) Cj G ker vr (g i? + (g ker vr, 

i=i 

k-l 

for some homogeneous elements bj, Cj G Ri, such that deg(6j) + deg(cj) = k. For each j 

i=l 

we may assume either bj G ker vr or cj G kervr. If bj G ker vr, then bj = by the minimahty 
condition on k. Similarly, if cj G kervr, then cj = 0. Hence x is primitive in R. □ 

We will work with Ng-graded ideals, so the following notation will be useful: given 
/3 = biOi, 7 = CiOi, for some 5j, q G Nq, we say that /3 > 7 (respectively, /3 > 7) if 
bi > Cj (respectively, bi > q) for alH G {1, . . . , 6}. 

Proposition 3.3. J'^{x) is a braided biideal oflA'^{x), and there exist a canonical pro- 
jecction of Hopf algebras tt^ : U (x) u(x) such that vr {U^{x)) = ^^{x)- 

Moreover, the multiplication m : U~^{x) U^{x) U~(x) U{x) is an isomorphism 
of graded vector spaces. 

Proof. We can order order the relations according to their N-graduation. When we quo- 
tient by the relations of degree n — 1, the relations of degree n are primitive by Lemma 
13.21 because for any of them we can see that the relations in Theorem 11.251 of degree at 
most n — 1 are verified. Moreover, for a relation of degree a G Nq, it is enough to verify 
that the relations of N^-degree lower than a hold in this partial quotient. For example, 
each quantum Serre relation is primitive, and the same holds for x^*; therefore, when we 
quotient by these relation we have that x = \{a.dcXi)^Xj,{a,dcXi)xj\^ is primitive under 
the conditions for (|45]l . because we have quotiented by xf, so it also holds that 

(ad^x^) Xj ^ (ad^Xj) — 0. 

We work in a similar way with the other relations so each partial quotient is a braided 
bialgebra (and then a Hopf algebra with the induced antipode); finally, U~^{x) is a braided 
bialgebra, because J'^{x) is a braided biideal. 

By the definition of Nichols algebra we conclude that ^^{x) ^ I^ix)- By Lemma 
12.51 J'^ ix)^^ {x)^~ {x) is a Hopf ideal of lA{x)^ and then the equivalent conditions in 
Proposition 12.41 hold. Therefore there exists a projection of Hopf algebras and a triangular 
descomposition as in the Proposition. □ 

Now we prove that the isomorphisms at the beginning of Theorem 12.91 induce iso- 
morphisms between the corresponding algebras U{x)- The first step is to prove that 
Tp{J'{x)) C c7(SpX)) which will be proved considering each relation generating the ideal. 
The following two Lemmata help us to reduce the number of explicit computations. 

Lemma 3.4. Let I be a Lyndon word such that [l]c — ^yj^s +( ^ w^l ^wW {mod I~^{x)), for 

some On, G k. Let L be a braided Hopf ideal -graded ofU~^{x) such that the set of good 
words 5/+(^), Si coincide for those terms w >- I, and assume that I is written as a linear 
combination of words greater than I modulo L . Then [l]c = ^^0^5 ^ yj-^i a^w (mod L). 

Proof. It is a direct consequence of Corollary 11.141 by this result, [/]c is written as a linear 
combination of good hyperwords greater than [1]^ modulo /. Such hyperwords coincide 
with the corresponding good hyperwords for /^(x) by hypothesis, and also / C L~^{x)- 
Hence the linear combination should be the same, because the good hyperwords generate 
a linear complement of the ideal in lA~^{x). D 
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Lemma 3.5. Let I be an ideal NQ-homogeneous ofT{V), 9 = dimV . Let S, T be two 
minimal sets of homogeneous generators of I. Assume that por each a € there exists at 
most one generator in S (respectively inT) of degree a, and denote by I{S, a) (respectively, 
I{T,a)) the ideal generated by the elements of S (respectively, T) of degree (3 < a. 

For each s & S of degree a £ Nq, there exists t £ T of the same degree, and c € 
such that s = c t {mod {I{S, a)), and then I{S, a) = I{T, a). 

Proof. We prove it by induction on the degree of the generators. Let s be of degree a, 
minimal for the partial order defined on Ng. Therefore dim/a = 1, so there exists an 
element of T which belongs to this subspace of / of dimension 1. 

If the degree of s is not minimal, we apply inductive hypothesis for all the generators 
in lower degree, so for each s' of lower degree there exists a corresponding t' € T of the 
same degree which satisfies the conditions above, and I{S,a) = I(T,a). Therefore 

dim I{S,a)a = dimI{T,a)a = dim la — 1, 

because S is a minimal set of generators, and by hypothesis there exists a unique generator 
of degree a. As T is also a set of generators of I, there exists t £ I — I{T, a) = I — I{S, a), 
of degree a, so the statement follows. □ 

Remark 3.6. This Lemma lets us to identify relations of the same degree for two sets of 
minimal generators of an ideal, up to relations of lower degree and scalars. In this way 
we can consider relations from Theorem 1 1 . 2 5 1 for a fixed order on the letters, and consider 
relations for another order. If we have a minimal set and this set contains relations all in 
different degrees (as we will have for the set of relations of the Nichols algebra or some 
partial quotients), then we can find a correspondence as above between the relations of 
the same Z^-degree. 

For example, if 0^^'^'^^ 7^ 1 for some pair of vertices i, j, then the quantum Serre relation 
{adcXi)"^'^~^^Xj is a generator for the minimal set of generators corresponding to the order 
Xi < Xj, so for the order Xi > xj we have: 

[^j^i ]c = [■ ■ ■ [[(adc Xj]^ , • • • , ] ^ , Xj] ^ = a(adc 

for some scalar a G k^. 

Also, if qu G G3, QijQji € {±<?m, —1}, Qjj = —1, we notice that 

[{adcXi)'^Xj, {adcXi)xj]^ = b [{adcXj)xi, [{adcXj)xi,Xi]^]^ (mod I), 

for some 6 € k^, where / is the ideal generated by xf and xj, because such relations 
correspond to different minimal sets of generators of the ideal of relations of the Nichols 
algebra, and these are the generators of degree 3a j + 2a j for each set. 

Lemma 3.7. Let I be a Ij^ -graded ideal ofUp{x). Let Y,Z £ Up{x)/I be homogeneous 
elements of degree /3, 7 G Nq, respectively, such that {adcEp)Y = 0. Then, 

(62) [(ad, Ep)Z, Yl = {ad, Ep) [Z, Y]^ . 
If also x(q^p) /5)x(/3) CKp) = 1; then 

(63) x{ap, /3) [Y, (ad, Ep)Zl = (ad, Ep) [Y, Z^ . 
Proof. Both identities follow from ([9]). For example, for the second one, 

(ade Ep) [Y, Zl = [Ep, [Y, Z] = [[Ep, Y]^ ,Z]^ + x{ap, P)Y [Ep, Z]^ - x{f3, 7) [Ep, Z]^ Y 
= x{ap, /?) {Y{adc Ep)Z - x(/3, 7)x(/3, ap)(ad, Ep)ZY) 
= x{ap,P) [Y,{adcEp)Zl, 
where we use the condition x{'^pj f3)xil^i <^p) = 1- ^ 
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Lemma 3.8. Let i,p G {1, . . . ,6} be such that nipi > 2 and mip = 1. Then, in U {s*x), 

Remark 3.9. Such relation belongs to the ideal I^{s*x)- In fact, as 2ai + Op ^ A^, we 
have Sp{2ai + Op) = 2ai + {2mpi — l)ap ^ A^, so such relation holds in the corresponding 
Nichols algebra u+(s*x). 

On the other hand, some of these relations are generators of the ideal J^{SpX) by 
definition, for example (j45p . We prove here that the other relations not in the definition 
of this ideal are redundant; that is, they are generated by relations of lower degree. 

Proof. We consider the different possible values of mpf, we begin with nipi = 2. Therefore 
Qpp e Gs or qppQipqpi = 1, and also qu = -1 or quqipqpi = 1. If = 1 for s*x, then 
p, i determine a subdiagram of standard type. If qpp ^ 1 ov qa ^ —1 then EpEiEpEi is 
written as a linear combination of words greater than EpEiEpE-i, modulo J{s*pX), using 
the quantum Serre relations, because in the first case E^EiEp appears with non-zero 
coefficient in (adc Ep)^Ei, so EpEiEpEi is a linear combination of greater words and EpEf, 
but this last word is in the ideal if qu = —1, or EpEf appears in {adcEifEp with non- 
zero coefficient, so in both cases we obtain EpEiEpEi as a combination of greater words. 

Using Lemma 13.41 we conclude that EJ~2 i EJ~^ 



0. A similar proof in the case q^„ = 1 



pp 



qu —1 gives us the same conclusion. If q^ = 1, qu = —1, the relation corresponds to 



pp 



5]), which is by definition a generator of 
If rupi = 2 and > 1 for s*x, then (f55|) is a generator of i7(s*x), and then EpEiEpEi 

is a linear combination of EpEf and greater words. Therefore E_t2iE_fi G J'{SpX), by 
a similar argument. 

If mpi = 3, then m^p = 1 for s*x, or there exists ( € G24 such that qpp = C^, q^^ = 
qpiqip = C- For the first case, we notice that ([56]) holds also if qpp ^ G4, because ^E_^E_p 
can be written as a linear combination of other words from the quantum Serre relation 
(adc^p)''^i = 0, and then ^pE^E^E^ is a linear combination of greater words multiplying 
by El, so we apply Lemma [3.41 from this relation we work as above, so we write EpEiEpEi 
as a linear combination of other words and deduce that E^EiE^Ei is a linear combination 
of greater words, and we can apply Lemma 13.41 again. For the second case, we write 
E^E_iE^M.i as a linear combination of greater words using the quantum Serre relations or 
the relation ()56p . with the same conclusion. 

If nipi — 4, 5, then m^p — 1 for SpX- Therefore we work as before and we obtain the 

desired relation from ()56p or ()45p . according to 3ap -|- 2aj belongs to A^^ or not. In both 
situations, WG Ccin write EpE,i^ E^E or E^^ E ^- E ^ E ^ ss ci linear combination of greater words, 
so we apply Lemma 13.41 again. □ 



We will prove now that Tp{x) G J^iSpX) for any generator x of the ideal J'^{x) so we 
will have a family of morphisms between the elements the algebras U{x)- 

Lemma 3.10. Let i be a non-Cartan vertex. Then Tp{E^'-) G i7(SpX)- 
Ifi,j satisfy qu = qijqji = qjj = -I, then 



Tp{{{B.d,E,)Ejf) ej{slx). 
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Proof. Consider the first relation. If i = p, then p is not Cartan for so p is not Cartan 
for s*x too. Therefore, by the definition of the ideal i7(s*x), 

We consider then i ^ p. In such case, Tp{E^^) = 

If nipi = 0, then Ej^Q = and qipqpi = 1, so for each j ^ p ^ne have q. q.. = qijqji- 

Therefore i is not Cartan for s*pX, and Tp{Ef') = E^' G J{s*pX)- 

Consider rupi 7^ 0. As i is not Cartan, there exists j ^ i such that Ni — 1 = rriij > 1. 

Assume first that rriip + 1 = Ni. If m^p = 1, that is qa = —1, there are two possibil- 
ities. If qipqpi 7^—1, using Lemma [3?8l the identity ([9]) and the quantum Serre relation 
{&dcEp)'^p^~^^E^ = 0, we compute in U{s*x), 



— i,mpi ' — i,mpi-l 



{spxiap, TUpiOp + Oi) - slximpiUp + ai, {rUpi - l)ap + Oj)) (^Ef,^^^^ 
ix{-ap, ai) - x{ai, ap + ai)) (fil^^^j = + qipqpi) (^^^^^ 



so Tp{Ef) = yEj^^p^j S J^i^pX)- If QpiQip = — li there are 3 possible subdiagrams 
determined by i,p: it is standard with g = —1, or it is Cartan of type B2 with q £ G4, 
or it is Cartan of type G2 with q £ Gq. For the first case, if the diagram is of type A2 
associated to g = — 1, it follows by definition of the ideal i7(s*x); for the other cases, we 
write KpEiEp ^'Ei linear combination of greater words using ()45p or the quantum 
Serre relations, and also the previous Lemmata. 

If niip > 1 and mpi = 1, we compute, using ([9|) and the relation (adc^p)^^j = 0, 



adcEp 



Et,iiE.i ^ = {spxiap, ai + ap) - s*px{ai + Op, ai)) (^Ef^^ 



qpi\'^-qmpqpi)(Et,) . 



From this relation and ([9]) again, we calculate 



adr E^, 



Efi, Efi,Ei 



~- + "p) ~ s^xioii + ap, 2ai + ap)) 

{qpl - qmip) (^+1' 



9pi^(i - qiiqipqpi)^^ - qlqipqpi) [Et 



So if rriip = 2 and rripi = 1, it follows that ap + 3aj ^ A^, and 

Spiop + Soj) = 3ai + 2ap ^ A^'''^. 
Using the previus Lemma, [{adcE_i)'^E_pj {adcE_i)Kp]^ £ •^'^{spX)^ so 
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because we apply Lemma 13.51 if the relation belongs to a minimal set of generators 
{liiQiplpi / li so qu E G3), or we compute it directly for the cases in which it is Car- 
tan of type B2 or standard with qpp = —1. Then, by a similar argument, 

If rriip = 3, mpi = 1, we have that Sp{ap + 4ai) = Aai + 3ap ^ A^''^, so 

by a similar argument, using (|57|) . In this case we deduce that {^Kfi^ G J{s*pX)- 

If niip = 4, then qfiQipqpi 7^ 1, so (^Kfi^ ^ J'i^pX) iii ^ similar way, using ([59]) . We 

notice that there are no diagrams such that q"i^''~^^ = 1 and m^p > 5. 
Now we consider mip,mpi > 1, so there are 3 possibilities: 

• mip = TUpi = 2, so (j57|) is a generator of i7(s*x), and qpp E G3. Therefore we 
write EiElEiElEi linear combination of other words, which begin with E 
or they contain E^ as a factor. If we multiply by El on the left, ^pEig^Eig^pE^ 
is a linear combination of greater words modulo J{SpX), because ^ G J{SpX), so 
Tp{Ef) = i{ad,EpfE,f G J{s;x). 

• TJiip = 3, mpj = 2, so Q'jj = C*", Qpp = C^, QipQpi = C^^ for some C G G24, and dH]) is 
a generator of the ideal J{SpX)- Using this relation we write E_iE^E_iE^E_iE^E_i 
as a linear combination of words beginning with E_p or words containing E^ as 
a factor. Multiplying by E_l on the left, we write {E^E_^)^ as a linear com- 
bination of greater words modulo because E_p G J7'(s*x), so Tp{Ef) = 

{{^cEpfm^ejisix)- 

there are two possible diagrams; in both cases (|60p is a 
generator of J^{spx)- From this relation we write EiE^EiE^Ei as a combina- 
tion of words beginning with E^p o containing E_p. Multiplying on the left by E^, 
E^E_^E_pE_^E^E_j^ can be written as a linear combination of greater words, mod- 
ulo J{SpX), because E_p G J{s*x) or [adcKp^Ki G JiSpX), so, in both cases, 
TpiEf) = {{eidcEpfm' G Jis;x)- 
Finally we consider q^^'^qipqpi = 1, rriip < iVj — 1, so there exists j ^ p such that 
1 < rriip < ^ij = Ni — 1. In this case, i, j, p determine a connected diagram, where i is 
not Cartan, connected with j and p, and also qa is a root of unity of order Ni > 2. We 
have the following possible diagrams under the previous conditions: 

• qu G G3, qpp G {fe, -1}, TTiip = nipi = 1, m^j = 2, mpj = mjp = 0, or 

• qu G G4, gpp = -1, qipqpiqu = 1, qijqji = qu, nipj = nijp = 0, rriij = 3 (a diagram 
of type super G(3), with q G G4). 

Both possibilities follow in a similar way to the case nipi = 1. 

We analize now the second relation. As qijqji = — 1, 

{{ad,E,)E,)^ = ql {{B.d,Ei)Ejf + 2q,i{E,E]E, + EjE^E,). 
By the first part Tp{Ef),Tp{Ej) G J^{SpX), and as Tp is an algebra morphism, it is enough 
to prove that Tp ({{adcEi)Ej)'^j G J{SpX), to conclude that also Tp ({{adcEj)Eif] G 



Ef^i, Ef^i,Ei 
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J{s*pX)^ and vice versa. Moreover we need just one of these two relations in order to have 
a minimal set of relations. 



If p = j, we have 

Tp i{{a.dcEi)Ep)^\ = [EfiFpLp^ - QipEpLp^Efi 



FpE-^2LpE\ Lp^ - qipga FpEl.Lp^ 



because q^^ = Qp-Q^p = 9jj = ~1- Now we consider p If mpi,mpj 7^ 0, we have two 

possibilities: 

• Qpp = ~li QipQpiQjpQpj = —1 so it is a diagram of type super D{2, 1; a)), or 

• Qpp = qip<lpi = -QjpQpj € G3 U G4 U Gq. 
For the first case, or the second when qpp € G4, 



Tp(^i{a.dcE,)E,yj = [{s^d,Ep)E„{s.d,Ep)E^]l. 
Using (j47|l and E_p if q^^ = —1, or the quantum Serre relations 

{adcEpfEi = {adcEpfEj = 

if qpp G G4, E_^E_pE_,jE_p is a linear combination of greater words, so (KpEiEpEj)^ is also 
a linear combination of greater words. Then, 

[iad,Ep)E,, {ad,Ep)E/^ G J^islx), 

by an analogous statement to Lemma [3.41 but for powers of hyperwords, and such relation 
is in I^{s*px). 

For the remaining cases, qpp € G3 U Gg and 



Tp({{ad,Ei)Ejf) = [{ad,Ep)Ei,{ad,EpfEj 



We write {EpEiE^E^f as a linear combination of greater words using the quantum Serre 
relations or (1T7|1 . so 

Tp({{i,d,Ei)Ejf) (ij+{slx) 
by an analogous argument. □ 



Lemma 3.11. Let z, j € {1, . . . , 9} he such that q^^^~^^ 7^ 1. Then 

Tp{{^d,E,r^+^Ej)eJ{slx). 
Proof, (i) The case p = i was considered in the first part of Theorem 12. 9i 
(ii) Let p = j: we analyze all the possible values of rriip. If rriip = 0, then qipqpi = 1, and 
Tp ((adc Ei)Ep) = Ej^FpLp^ - qipFpLp^E_i = {KiEp - E_pEi)Lp^ G J {s*pX)- 
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Consider rriip = 1; by (|36|) we have 



Vila {'f'"'"' Q- 



1)L„E+ 



—p—i,mpi~l J —p 



l: 



= ^'^Pi)lpp^i^p'~^lpi% - ^)'^*P^ (("^P^ - + "i' "P)~^ ^tmp,-l 

+ FpE+mpMp' - 9^PX(«- -»p)FpEtrnp,Lp' 
(64) =impi)gpp{qpp~"''"qpi^q;p^ - l)gip9pp^,^„^^_i. 

If TTipj — 1, we have by this identity and Remark 12.101 

Tp {{adcEifEp) = Tp {[Ei, {ad^ Ei)Ep]^) = [{ad,Ep)Ei,aiE;\^, 

where a^p, := {'mpi)gpp{qpp "^"^ qpi q^p - l)qipqpp G k^. This element is in c7(s*x) because 
= 1, so (adcKi)'^ E_p ^ J^i^pX)- We consider now rripj > 2; by Lemma ESI 



rp((ade£;i)2^p) 



Consider now rrijp = 2, so qf^ ^ 1. We look at all the possible diagrams with two 
vertices and note that nipi = 1, or there exists S Gg such that qu = qipqpi = C'^j 
qpp = C^- In th first case, qpp G { — 1,9^^^}, so this diagram is standard of type B2, and ([l5]) 
belongs to i7(spX) by Lemma [3^ Therefore 

Tp {{ad^EifEp) = ai [(ad,^p)^„ [(ad^^^)^,,^,] G J(s;x)- 

For the second case, the braiding matrix of s*y is q.. = —1, q. q . = C^, q = C^. Then 
' ° i«i ' ±.ip±.pi ^ ' ' 

Tp {{adcEifEp) = [{adcEpfE,, [(ade^p)2^„(adc^p)^,]J^ € J{s*pX), 

because (j58p is a generator of this ideal. 

It remains to consider rriip G {3,4,5}. The unique diagram with nipi > 1 is 



where C £ G15, = — C and mip = 3, ?npj = 2; applying Sp we obtain 



-1 



By ([59]) we write EiElEiElEiEpEi as a linear combination of words beginning with E„, 
or containing E^ as a factor, or greater than this word for the order p < i. Multiplying 
on the left by E^ and using that E^ G J'{s*x)-, {E_pM.i)^ KpKi can be written as a linear 
combination of greater words, modulo J{SpX)- By Lemma 13.41 we conclude that 



Tp{iadcE,)^Ep) 



mim^E^mcejisix). 



Finally we consider m^j = 1, so we have 



Sp {rriipai + Up) = rriipai + (rripj - l)ap G A^f 



Sp {{rriip + l)ai + ctp) = {mp + + rUpiOp ^ A/ 
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If Qpp 



1 + 
—pp ' 



-1 then nipi — 3 and (E E^j^E Ei is a linear combination of greater words 



modulo J{SpX), where we use first the quantum Serre relation (adc^p)^j = to write 
M.pM.iM.p as a combination of the words E^E_^^ Ki^^ aiid then ([56j) . which also holds in 
U{s*x)- By this relation, 



G Jislx). 



niij , and 



In other case, qpp = — 1 and rriip £ {3, 4, 5}, so we also have that 

Tp {(ad^Eir'^+^Ep) = [^^^,«,+(^^,_i)«^,(ade^p)^i], e ^(^x), 

by ([57|) . ([59]) or ([6T]) . depending on the value of rriip. 

(iii) Let p / j: if rupi = 0, then qipQpi = 1 and g.. = qu, q..q.. = qijqji, so niij 

{ajdcE^"'^^+^Ej = holds in U{s*pX). Moreover, in U{s*pX) it holds that EpE^ = q -E^E^, 
so 

(ad,^,)(ade^p)X = g.^(adc^p)(adc^jX, 

for each X S U{SpX), by the second part of Lemma 13.71 By the Remark 12.101 and the 
previous results, in U{SpX) we have 

Tp {{a.dcE,r'^+'Ej) = (ad,^J'"'^+i(ad,^p)"^"^^. 



Consider now nipi ^ 0. If rrij 



m 



TO 



0, we apply Lemma 13.71 to obtain 



Tp {{ad,E,)Ej) = [(ade^p)'"-^,,^^ = (ade^p)™- ([^.,^4) = 0. 

where we use that q. .q .. = qtjqji = 1, so in U{s*pX) it holds that [Ei,Ej]^ = 0. It remams 
to consider the case in which i, j and p determine a connected diagram. 



First we analize the case mij = 0, rupj / 0. If qpp = —1 it follows that m. 



pi 



TO 



1. Then q..q.. 

— QipQpiQjpQpj J and E^E^E^E j is a linear combination of greater 



.-t- .jt' .t'j . — p. 
words for the order p < i < j, modulo J{s*x)- 



if q. q .. 



1, it follows from pi]) . 



ii q. q .. ^ 1, we write E^E E.j as a linear combination of other words by (|47p . 



where those words are greater than E_^E_pE_,j or begin with E_p, so we multiply on 
the left by E_p and use that El G J{s*px)- 



m. 



pi 



P3 



1 and 



In this way, Tp {{adcEi)Ej) = [(ad.^p)^^, (ad.^p)^^-]^ G ^(^x)- If 

Qpp / —1, then {adcbEp)'^Ej^,{adcbEp)'^E_j G J'(s*x); by these relations and {adcEi)Ej, 
E_pE_^E_pE_j can be written as a linear combination of greater words for the order p < i < j, 
modulo J'{s*x), and also Tp {{adc Ei)Ej) G c7(s*x) in this case. 

If TUpj = 1 and nipi > 1 (or analogously, nipj > 1, nipi = 1)) then qppqpjqjp = 1, and 
qpp ^ —1. Note that 

= s*pXiai,Oij)slx{aj,Oii) = q^p"" qpiqip. 

If qpp"'qpiqip 7^ l, then (jl7|) holds in ?7(s*x), so we can write E_^E_pE_j as a linear combi- 
nation of other words, greater than E_^E_pE_j for the order p < i < j, ov beginning with 
Ep. Multiplying on the left by Ep , we express Kp'E^EpE linear combination of 

G J{slx), or (ad,^p)-p«+i^, G ^(^x), so 
[(ad,^p)--^„ {ad,Ep)E^]^ G ^(s;x). 



greater words, using that E^''^'^^ 
Tp {{ad, Ei)EA = 
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If cffp"'qpiqip = 1 and q^p''^^ ^ 1, E^''^ KiKpKj is written as a linear combination of greater 
words for the same order using {a.dcE_p)'^T"-^^ E_j^, {s^^cEjp)^ E_j and (adc^J^^, so we obtain 

the same conclusion. If %p"qpiqip = 1 and (ffp"'~^^ = 1, then rupi = 2 or mpi = 3, and the 
conclusion follows from ()5ip or (j52p . respectively. 

If mpi,mpj > 1, there is only one possibility: nipi = rupj = 2. If qpp ^ G3, the proof 
is as above, expressing E_jE^E_^E^ as a linear combination of greater words; on the other 
hand, if qpp G G3, it follows from 

We consider now rUpj = 0, mij ^ 0. Note that rriij < 3, because we have a 

connected diagram with three vertices and qa 7^ —1: (?™'^^^ / 1- If rriij = 3, it corresponds 
to a diagram of type super G(3): 



X ■ o- 



SpX ■ o- 



Using (j49p . E_j^{E_pE_j)'^ E_j can be written as a linear combination of other words, which are 
greater than this word for the order p < i < j, or begin with E_p. Multiplying on the left 
by Kp^ {KpM.i)'^Ej is expressed as a linear combination of greater words, modulo ,J{s*x), 
using that G -^(SpX)- By Lemma [3 



Tp{{8.dcE,)^E,) 



i^d, Ep)E„ [{adcEp)E„ [{a.dcEp)E„{adcEp){adcEi)Ej], 

m^m'E^iejisix). 



If rriij = 2, then nipi = 2 for the diagram 



X ■ oC 



A4 A-i 

-3 ^ /--4 _^ A 



a8 (-8 

^pX ■ o'" o'> o'» 



where ( £ Gg, or nipi = 1- In the first case, using E^^ G J^i-^pX) a-^d the quantum Serre 
relations we write ElEiElEiEjEpEi linear combination of greater words modulo 
J^{SpX), for the order p < i < j, so 

iMlEiElEiE^EpE,], = [[(ad,^p)2^„ (ad,^p)2(ade^,)^,]^ , (ade^p)^J ^ G J{s;x), 

so, if c = s*x(4ap + 2Q;j + a^, + Oj) = x(2aj + Oj, + Oi)) '^^ have 

rp((adei^i)3ii;,) = [(ad,^p)2^„ [(ad,^p)2^„(ad,^p)2(ade^J^^.]J^ 

= (adc^p) ( [(ade^p)^,, [(adc^p)2^i,(ade^p)^(ade^J^j]^ 



= -c(ad,^p) {[ElE,ElE,E^EpEi\,) G ^(s;x). 

If nipi = 1 and qpp 7^ —1, using (adc^^p)^^^ we write KpKiKpKiKjKi as a linear com- 
bination of greater words and KpKiKjKi^ for the order induced hy p < i < j, modulo 
J7'(s*x)- Using now (adc^J^^^^ and (adc^p)^j, E_pE_iE_pE_^E_jE_^ is expressed as a linear 
combination of greater words modulo i7(SpX). If nipi = 1 and qpp = —1, then (j48p is a 
generator of i7(SpX), so 



[(ad,^p)^i, (ad,^p)(ade^,)^,]^ G J{slx), 
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and finally we deduce that 

Tp{{ixd^EifEj) = [(adc^p)^,, [(adc^p)^i,(adc^p)(adc^i)^j]J^ 

= (ade^p) [e,, [(ade^p)^i,(ad,^p)(ade^J^,]J^ G J{slx)- 

Now we fix rriij = 1. If iripi = 1, we analize each different possible diagram. 

• If Qpp ^ —1, then SpX is twist equivalent to x (restricted to the vertices p, and 
M.pKiEpE^E_j can be expressed as a linear combination of greater words modulo 
J'{SpX), using the quantum Serre relations 

(adc^p)^^i = (adc^i)^^j = 0. 

• If = -1 and quqipQpi = 1, then £.. = -! and ^.p^p-g.^.g^.. = 1. In this way 
is a generator of the ideal, and by Lemma [321 

Tp{{8.dcEifE,) = [{a.dcEp)E„{adcEp){adcEi)Ej]^ 

= (ade^p) ([^„(ad,^p)(ade^,)^jj G J{s;x). 

• If = -1 and QppQipqpi / 1, then gp^q^p = qpjqjp = 1, g^jgj^ = qijqji / -1 and 



Q44 Qvn Qin Qni ^i'. 



-q. q .q. .q.. ^ -1, 



ipp ^pi ^11 

so (j53]) is a generator of J"(s*x), and then Tp ((adc G J'(s*x)- 
Now we fix nipi 7^ 1. The possible connected diagrams of rank three with these condition 
must verify nipi = 2, rriip = 1. Using the quantum Serre relation (adc^p):^^ = if 

gfpp 7^ ^|46]) in other case, E^KiKjKpKi can be expressed as a linear combination of 

greater words for the order p < i < j, and by Lemma 13.41 

[(ade^p)2(ad,^J^,,(ad,^p)^,]^ G J{s;x). 

By Lemma ()3.7p we conclude that 

Tp ((ad, = [(ad,^p)2^„(ade^p)2(ade^J^^.]^ 

= (adc^p) ([(adc^p)^i, (ad,^p)2(ade^i)^j] 



Finally we consider mij,mpj ^ 0, so each pair of vertices is connected. If m. 



there is just one possibility, 



X ■ 



* 1 

s„X ■ 0-1 



which is a diagram of type super G(3). By ()49p and Lemma 13.51 we have that 



rp((ade^,)'^j) 



iad,Ep)Ei, {adcEp)Ei, [(ade^p)^^, (ad^^p)^,] 



G J(4x). 



The remaining case is rriij = 1. If uipi = rupj = 1, there are two possible cases: 

• Qpp = ~1; ill this case (j48]l is a generator of the ideal J{SpX) by definition, and by 



Lemma 13.51 we have that 
Tp {{B.d,E,fEj) = \{B.d,Ep)E„ [(ade^p)^,, (ade^p)^,] 1 G Jis^x)- 
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• ?pp / -1, QppQpiQip = QppQpjQjp = 1; SpX is twist equivalent to x, so (gT]) is a gener- 
ator of v7(s*x)- Using also the quantum Serre relations (adc^p)^^j, (adc^p)^^j, 
(adc -Ej^^j, E_pE_^E_pE_^E_pE_j is written as a linear combination of greater words, 
modulo J{SpX)-, so as before Tp (^{adc Ei)'^ Ej^ G J'{s*x)- 
It remains to consider the following braiding: 

qpp = C e G3, rriij = iripj = 1, nipi = 2. 




The diagram of SpX is 



-1 



^1 



Then (jlSll holds for p, i, and so KiE^KiKn 



-p— «— p 

is expressed as a linear combination of other words of the same Z^-degree. Multiplying on 
r2 ™ u,, F _ Q eIE,EIE,E„E, can be written 



the left by E_p, on the right by E_j, and using that E_p 
as a linear combination of greater words, so 



±p± 



Tp {{&d,E,fEj) = ^{adcEpfE^, [(ade^p)2^„(ade^p)^,]J^ G J{s*pX)- 
Therefore we analyze all the cases and the proof is completed. 



□ 



Lemma 3.12. Let i,j,k G {1,...,^} be such that qjj = —1, qikQki = QijQjiQjkQkj = 1- 
Then, 

Tp {[{adcE,){adcEj)Ek,Ejl) G J{s;x). 

Proof. Note that in U{x) we have the following identity, using the condition on the scalars, 
dSD and {adc Ei)Ek = E] = 0: 

[(adc ^i)(adc Ej)Ek, Ej]^ = qijqkj [Ej, (adc Ei){adc Ej)Ek]^ 

= QijQkj [(adc Ej)Ei, {adc Ej)Ek]^ , 

so it is enough to prove that one of these relations is applied in J{s*x) by Tp for each 
possible diagram. Let p = j. Note that q^^ = -1, 9^^^^^?^^^^^ = q^i^q^^ = 1, so (adc^J^^ 
and (jM]) are generators of J'{SpX)- By (j36|) we have: 

Tp {[{adc Ei) {adc Ej)Ek,Ejl) = [aiE,,{adcEp)E^]^FpL-^ 

+ qipqkpFpL-^ [aiEi,{adcEp)E,^]^ 

="1 {iiplpllkl + 9»p9fcp) ^p^p ^ [^f (adc^p)^fc]^ 

+ «i5pfc^(l - (Ipkqkp) {EiE^ + qipqpkqikEf^E^) 
="i9pfc (1 - Qpkqkp) {adcEi) Ek G J{SpX). 
Let p = i, which is analogous to the case p = k. By ()62p and ()64p . 

Tp ([(ade (adci?j)i?fc]J = K,,(adc^p)---i^^, (adc^^)"*" (ad^^^O^^] ^ . 

Note that rupj = 1, 2. If rupj = 1, (7^^ / — 1 or iripj = 2, g^p ^ G3, then q^" qpjqjp = 1. In 
this case, -q.. = q^^q^^ = q^-g.^qj^.q.^ = 1, so {adcEp)'^v3+^E^ = = (adc^p)^^. Note 
also that dM]) is a generator of J{s*pX), hence Tp {[{adcEj)Ei, {adcEj)Ek]^ G c7(s*x)- If 
Ipp tlisn 

—jj—jP—Pj —jj—jk—kj ^' %kS.kp ^' 
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hence in U{s*„x), (adcK,)^^ = {adcEA'^Ej, = if g . . / -1, or (glD if g . . = -1: in this 
way, 

Tp {[{ad, Ej)E„ {adcEj)Ek]^) = ai [E^, (adc^p)(ad,^^.)^fc] , e ^(s^)- 

The remaining case is qpp G G3: by (I46p we obtain that 

Tp {[{adcEj)Ei, {adcEj)Ek]^) = 03 [(ade^p)^^-, {a^dcEpf{adcEj)Ef^]^ G J{s;x)- 

Finahy take p 7^ i,j,k. First, the proof is trivial if p is not connected with i, j, k, 
because in such case s*x is twist equivalent to Xi ai^d then 

Tp {[{adcEi){adcE,)Ek,E,]J = [{ad,E^{adcEj)E,„E^]^ G J{s;x)- 

Now, if p is connected just with i (or analogously, just with A;), we have 

and by Lemma [3771 

Tp {[iad,Ei)iad,Ej)Ek,E,l) = [{ad.Epr^^ (ad, Ei){adcE^)E,„ Ej]^ 

= (ad,^p)™- ([(ad,^,)(ad,^^.)^fe,^,] J ^ J{s;x). 

If p is connected just with j, then qpjQjp G {qjiQij, QjkQkj}, and lUpj = 1. We assume that 
Ipjljp = QijQji = Ikjijk- If QppQipQpi = 1> SpX is twist equivalent to x; in other case, 
Qpp = — 1, and then 

% = QpjljP^ gpjgjp = Q^h'p = Qkjqjk = gj^^q^^, 

so in both cases [(adc^p)(adc^j)^^,^j]^ G J{SpX)- Therefore KpEjEj^EpEjE^ is a 
linear combination of greater words (for the order p < j < k < i), so we have that 

Tp {[{ad,Ej)Ek, {adcE,)E,l) = [(ad,^p)(ad,^^.)^;., {adcEp){adcEj)E^^ G J(s;x). 

The remaining case is that p is connected with two consecutive vertices. We can assume 
that p is connected with i and j. There exist three diagrams satisfying these conditions 
(we write also the diagram corresponding to s*x for each case): 
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Here —1. For the three diagrams, iripi = nipj = 1. Consider the order p < j < i < k: 
Tp{[{ad,Ej)Ei,{adcEj)E,l) = [[(ade^p)^^.,(ad,^p)^4, [(ad,^^)^^,^,] J ^ 

We can write EpEjE_pE_^EpEjE^. as a hnear combination of greater words modulo J^{SpX)- 
in the first case, using (j48|) : for the second one, we write EjE_pE^^EpE_j as a hnear com- 
bination of other words of the same degree by (|53p . where those words are greater than 
^jM.pKiKpKj begin with Ep, and then we use the quantum Serre relations; in the last 
case, EjEpEj^ is a linear combination of other words of the same degree by (j47p . where 
those words are greater than EjEpE_^ or begin with E^. In all the cases we conclude that 
Tp ([(ad, Ej)Ei, (ad, Ej)Ekl) € J{s;x). □ 



Lemma 3.13. Let i,j € {1, ... ,0} be such that qjj = —1, and also qa = iqijqji € G3, or 
qmijqji ^ Gq. Then, Tp[[{a,dcXi)'^Xj,{adcXi)xj]^) £ J{s*x), for any p e {I, . . . ,9}. 

Proof. We denote x := [{adcXi^Xj, (adcXj)xj]^. We begin with the case p = j. Note that 
nipi = 1 (because qpp = -1, qpiqip / 1), Soj + 2ap ^ A^, so 

Sp{3ai + 2ap) = 3ai + Up ^ A^^^. 
Using (IMl) and (adc^J^^^ G Jis*pX), 

we obtain that 



Tp{x.) = 0201 



G J{s;x). 



[Ep,Ei\^,Ei 

Now let p = i. By Lemma 13.41 it is equivalent to prove that 

rp(x') e J{s;x), where x' := [(ad,^^.)^p, [(ad^^^O^p^^p] 

because we have proved that Tp apply the generating relations of degree less than x in 
elements of J(s*x). By ([Ml), 

rp(x') = ala2 [i^dc Ej,)Ej,Ej]^ G ^(^x), 

because it holds that q .. = —1, or q . .q . q . = 1. 

-JJ -33-3P-P3 

Finally, let p 7^ i, j; the case rupi = rupj = follows easily as in the previous Lemmata, 
so consider the case in which p, i, j determine a connected subdiagram of rank three. We 
note that qu G G3. 

We take first rUpi 7^ 0, iripj = 0. The possible braidings verify that rripi = 1, so for the 
order p < i < j, 



Tp{^) 



{3dcEp)E„ [{adcEj,)E„E^] ] , [(ad^^^)^,, ^^.] ^ = [E^ME^E^E^f] ^ , 



where we use that (adc^p)^j = in [/ (s^x)- As qpiqipqu = 1 or qpiqip = iqu, we have that 
q.. = —1, or q..q. q . = 1, or q^.q. q . = 1, or q.. = —q. q . G G3, so E„EAE„EjEAE„EiE ^ 

—II ^ —iijLip-Lpz jLiijLip-Lpi Jl.ii jLipjL.pi y * f ^ J * J 

can be expressed as a linear combination of greater words modulo J{s*pX), using the 
quantum Serre relations or (05]). We deduce that Tp(x) G J{s*pX), using the Lemma [331 
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Now let rupi = 0, mpj ^ 0. We note that nipj = 1 for any possible diagram, and in 
U{s*x) we have that: 

= ip [(ad,^p)(ad,^j2^^, (ade^p)(ad,^J^^.]^ 
= i^{^d,E^) [(ad,^j2^^, (ade^p)(ad,^,)^^.]^ 
= i^{^d,E^) [{^d,E^\ad,Ej)E^, (ad,^,)^^.]^ = 0, 

where we apply (f62]) (because {&dcEp)E_i = 0), dH), and finally that (|46l) is a generator of 
J'(s*x), because g.. = € G3, m^j = m^^ = 1, and (jl5]) is also a generator by Lemma 
[3:81 

Finally, consider nipi^mpj ^ 0. There exists just one possible braiding: qpp = —1 = 

gpjQjp, = = Qpiqip- The diagram of s*x is o"! — ^ q-^ o^i , and the 

solution is analogous to the previous case, but now we use ([53]) . □ 



Lemma 3.14. Let i,j,k € {!,..., 6*} be such that qu = ±qijqji € G3, qikQki = 1; CL'^d 
Qjjljilij = QjjQjkqkj = 1 or qjj = -I, qjiqijqjkqkj = 1- Then, for any p£ {l,...,e}, 

Tp {[{adcE,f{adcEj)Ek,{ad^Ei)Ej]J G J{s;x). 

Proof. We denote x = [{adcXi)'^{adcXj)xk, {adcXi)xj~\ . We begin with the case p = k. 
In all the cases we have that rukj = 1, and SpX satisfies the same conditions, so (I46p is a 
generator of i7(s*x)- Then, 

rp(x) ^ [{iidcEfiaiE^),{adcm{adcEj,)Ej]^ 

^ aiqik [(adcEifiaiE^), {ad c E {ad cE^jEj]^ 

^ aiqik [(ade^j'(adc^j)^fc, (ad^^J^^]^ ^ (mod J{s;x)), 

where we apply first then (f62|) . {adcbKk)Ei = for the second line, y finally dH) plus 
the fact that ([15|) is a generator of J7(s*x)- The cases p = i, p = j are proved in a similar 
way to the case p = i of previous Lemma. 

Finally take p 7^ i,j, k, and assume that p is connected with at least one of the other 
vertices; in other case the proof is easy as above. We have two possible cases: nipi = 1, 
mpj = rupk = 0, or rupk = 1, rupj = rUpi = 0. For the first one. 



rp(x) 



{adcEp)E,, [{adc E^)Ei, {ad, Ej)Ej,] 1 , (ade^p)(ade^J^ 



and we have two possibilities: 

• if qpp = —1, then quqipqpi = 1, and then g.^ = —1, so (j53|) is a generator of 
J{SpX) for the subdiagram determined by p,i,j- Using this relation we obtain 
that rp(x) G J{s*px)- 

• if qpp ^ -1, then qpp = q^p^q~^ = qu, so s*x is twist equivalent to x and ([Ml) 
is a generator of J'{s*x)- Then Tp(x) G J'{s*x), because it is obtained after to 
apply (adcp^p)^ to (06]) and multiply by a non-zero scalar, where we use also the 
quantum Serre relations involving E_p. 



30 IVAN ANGIONO 

For the second case, we use {&dcEp)Ki, {s^<icKp)Ej S J'{s*x) to obtain that 
rp(x) ^ [{ad, E^\a.dcEj){ad,Ep)Ek, {ad, Ei)Ej]^ 

- lUjp [{^'icEp){ad,E^^{ad,Ej)E„ [ad.E^Ej]^ 

- ipgJ^^cEp) ( [{ad,m\^d,Ej)E,„ {adcE^E^]^ - (mod J{s;x)), 

by (1621) and the fact that (j46]l is a generator of i7(s*x)- □ 

Lemma 3.15. Let i,j,k € {1, . . . ,6} be such that Qiklkii QijQjii QjkQkj 

^ 1. Let 

X = [Ei, {adcEj)Ek], ^ QjkQkj [(^d^ £'i)£^fc, - - qjkqkj)Ej{&dcEi)Ek. 

Qkj[^ - qikQki) 

Then, Tp(x) G J'(SpX) /o?^ a// p. 

Proof. By a direct computation we note that we obtain the same relation if we permute 
the vertices i, j, k, where we use that QikQkiQijQjiQjkQkj = !> so it is enough to consider 
one of these permutations for each p. 

Consider then p = k, which is analogous to take p = i or p = j. Note that {m^j, nipj} = 
{1, 1}, or {mpi, nipj} = {1, 2}, so we fix nipj = 1, nipi £ {1, 2}. By ([M!), 

Tp {[Ei, {adcEj)Epl) = {q^q^^qji - l)qjpqpp [{ad,Epr^^Ei,Ej]^, 

Tp {[{ad,E,)Ep,Ejl) = {q^p-'^'-q-'q-' - l)qipqpp [(ad, ^p)™--^^,, (ad^^^)^,-]^ , 

Tp{Ej{ad,E,)Ep) = {q^p-'^'-q^h^^ - l)ftp(Zpp(ade^p)^,.(ad,^p)™--^^,. 

If rupi = 2, or mpi = 1, q^p / -1, then 1^^%^, gi^gj^, qj^,q,,j / 1 and we deduce that 
rp(x) G J{SpX) from the fact that (j^7|) is a generator of J{SpX)-, because we can write 
then Kp ^'EiEj as a linear combination of greater words (for the order on the letters 
p < i < j), modulo J^{spx), y apply then Lemma [3741 If qpp = —1 then q^ q ^ = 1, so 
{BjdcEj^)Ej € ^{SpX)- By a direct computation, there exists a G such that 

rp(x) = a(ad,^p)(ad,^J^^. G J{s;x). 

Let p 7^ hj,k. We note that p is not connected with any of the other vertices (so 
the proof follows easily as in the previous Lemmata), or p is connected just with one of 
these vertices. For the last case we can assume that nipi ^ 0, so the unique possibility 
is rUpi = mip = 1. Then qikqki = gi^gf^i^ qijqji = g^gji, qjkqkj = gkjgjk / 1> so (gT]) is a 
generator of J'{s*x)- By Lemma IHTTl and the relations (adc^p)^j = (adc^p)^^ = 0, we 
deduce that rp(x) is obtained, up to a non-zero scalar, after to apply (adc^p) to (|47|l . 
modulo J{s;x), so rp(x) G j{s;x). " □ 

Lemma 3.16. Let A; G {1, . . . , 0} be such that 

(i) qu = qjj = -1; {qijqji? = {qjkqkj)'^ = qkk, qikqki = i, or 

(ii) qu = qkk = -1, igji = qijqji G Gs, qjj = -qkjqjk, qikqki = 1, or 

(iii) qu = qjj = qkk = -1, qijqji = qkjqjk e Gs, qikqki = 1, or 

(iv) qjj = qkk = qjkqkj = — 1; qu = —qijqji S G3, qikqki = 1- 

Then, for any p, Tp{[[{adcEi)Ej,{adcEi){adcEj)Ek]^,Ej\^ G J{s*pX)- 



ON NICHOLS ALGEBRAS OF DIAGONAL TYPE 



31 



=aiq. 



Proof. Denote x = [[(adc Ei)Ej, (adc £'j)(adc Ej)Ek]^ , Ej~\ ^; we analyze each case. 

(i) We begin with the case p = k; hy and as E], E^, {adcE_i)Kp generators of 

J'{s*x) (note that s*x is twist equivalent to x)i we have that 

Tp{x) ^ai [[(adc^J(ad,^p)^^-,(ade^J^^]^,(ad,^p)E, 

[(ade^p)(ade^J^,, iadcmEj]^, {s.d,Ep)E^ 

[(ad,^p)(ad,^^.)^^, (ade^,)^4 , (ad.^p)^^. 

=« [EpE^E^E^E^E^E^] ^ (mod J{s;x)) , 

for some a € k^, where we use the order on the letters p < j < i. As (|48p is also 
a generator of J^{s*x), we can write E_jE_^E_jE_^E_pE_j as a linear combination of other 
words, greater than this word or beginning with E_p. Multiplying on the left by E_p and 
using the quantum Serre relations E_pE_jE_^EjE_^E_pE_j is expressed as a linear combination 
of greater words modulo J'{s*x), so by Lemma [3^ ?p(x) € J^{SpX)- 

Let p = j; note that nipi = rupk = 1. Also , = g-^g^-, so (adc^i)^^fc G Ji.SpX)] use 
(j64p and work as in the case p = i oi Lemma 13.131 to obtain that 

Tp{-K) =a\ [E,,{adcEi)iad,Ep)Ek]^_FpL:p^ - alqlqkpFpLp^ [^i, (ad,^J(ad,^p)^fc]^ 

=b {ad,E,fE^ G J{slx), 
for some 6 G k^ . 

Let now p = i. As in the previous Lemmata, it is enough to prove the statement for 
x' := [[{adc Ek){adcEj)Ep, {adc Ej)Epl,Ej]^. 
We apply ([M]) to obtain, for the order on the letters k < i < j, 



Tp{^') 



[Ek, aiEj] ^ , E^ , (ad, ^p)^^. = aj [E^E^EpE^] ^ . 



fjj^jklkj = ^' deduce by §T!j if q.. G G3, or by (ad^^^O^^lp 



As q . .q ..q.. 

{adcE_j)^E_i^ = 0, if q . . ^ G3, that KkKjKpKj is a linear combination of greater words, so 

Tp(x') G J{s*pX), and then Tp(x) G J{s*pX)- 

11 p ^ k, then p is not connected with these three vertices, or p is connected just 
with i, satisfying also qppqpiqip = 1, or qpp = — 1, qipqpiqijqji = 1. For the last case we 
have: 

rp(x) ^ [[{adcEp){adcEi)E^,{adcEp){adcE^{adcE^)Ek]^,E 

={adcEp) (\^[{adcEp){adcEi)Ej, (ade^J(ad,^^.)^fe], 

^{adcEp) ( [EpE,EjE,E^E„E^] J mod J{s;x) 

by using first Lemma [3771 then {adcE_p)Ej, {adcE_p)Ej, {adcE_p)Ej G ^'(•SpX)) and fixing 
the order p < i < j < k. We conclude that Tp(x) G ^{SpX) by using ([50]) if qpp = —1, or 
using the quantum Serre relations corresponding to adc^p to write E_pE_iE_jEiE_jEj^E_j as 
a linear combination of greater words and apply Lemma 13.41 to deduce that 

[EpE,E^E,E^E,E^]^e J{s;x). 



(ii) , (iii) , (iv) If p G k} the proof is completely analogous to the previous case. 
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Let p ^ i, j, k, so p is connected only with i, or only with k. For the first case, rripi = 1, 
because qpp = 1 or q'p = qipQpi 7^—1, and the solution follows as in the previous case. For 
the last case, nipk = 1 and the proof is also analogous, considering the previous x'. □ 

Lemma 3.17. (i) Let i, j, k, I £ {1, ... ,9} be such that qj-k = — 1, QjjQijQji = QjjQkjQjk = 1; 

{qkjqjkY = {qikQki)'^ = mi, QikQki = ququ = qjimj = i- Then, for all p, 

Tp (^[[[{a.d,E,){a.d,E,){a.d,Ek)Ei,Ekl,E,]^,Ek]^) € J{s;x). 

(ii) Let k e {I,. . . ,6} be such that qu = qjj = -1, (qijqji)^ = {qjkqkj)~^ = Qkk / ±1; 
QikQki = 1- Then, for all p, 

Tp ( [ [(ade Ei)Ej, [(ad, Ei)Ej, (ad, Ei){ad, Ej)Ekl] ^ , Ej] ^) e J{.s;x). 

Proof, (i) The proof is analogous to (i) of the previous Lemma, because if p ^ i,j,k,l is 
connected with some of them, then p is connected only with i with the same conditions. 

(ii) If p G {i,j,k} the proof is completely analogous to the previous Lemma. If p ^ hjjk 
is connected with some of them, then p is connected only with i and qpp = — 1, qpiqip = 
—QijQji £ G4. Anyway, the proof is analogous to the previous Lemma. □ 



Lemma 3.18. (i) Let i,j, k G {1, . . . ,9} be such that qjj = qij^qji^ = qjkQkj G G3, qikqki 
1. Then, for all p, Tp{[[{ad,Ei){ad,Ej)Ek,Ej]^,Ej]^) e Jis;x). 



or 



(ii) Let k £ {1, ... ,9} be such that qjj = q^- q^- = q-jkqkj G G4, q^kqn = 1- Then, fi 
allp, Tp (^[[[{adcEi){adcEj)Ek,E,l,Ej]^,Ej]^^ G ^^(^x)- 

Proof, (i) Let x = [[{adcXi){adcXj)xk,Xj]^Xj~\ For the case p = k, note that nipj = 1 in 
all the cases, so for the order i < p < j on the letters we have by (|64p : 

Tp(x) = ai [[{ad,E,)E^, (ad,^,,)^,]^ , (ade^fc)^J ^ = [E,EjEi,EjEi,Ej]^_. 

As i&dcEf,)'^Ej G J{SpX), or (061) is a generator of J{SpX), and also E^,{a.dcE,^)Ei G 
i7(s*x), E_^EjE_i^EjEi^E_j can be written as a linear combination of greater words modulo 
J{s;x), so Tp(x) G j(s;x). 

Consider now p = j. By ()64p and the relations defining J^{SpX), 



Tp{^) 



[E,, {ad, EpfE,]^,FpL-'] ,FpL~^ 



aiadcKM 



for some a G k^, so Tp{x) G J{SpX)- 

Now, let p = i. It is equivalent to prove that Tp(x') G J^{SpX}, where 

x' = [[(ade ^fc)(ad, Ej)Ep, E^]^ , E^] ^ . 

We note that mij = 1 for all the possible diagrams, so 

Tp(x) = ai [[{adcEk)Ej, {adcEp)Ej]^,{adcEp)E^ 

and a proof similar to the case p = k tells us that Tp(x') G J^{SpX), so Tp(x) G JTis*x)- 

Finally, if p 7^ k, then p is not connected to any of these vertices, or p is connected 
only with i, or it is connected only with k. The proof of the first case is again trivial, and 
for the other two cases Tp(x) G c7(s*x), using Lemma [37fl and that s*x is twist equivalent 
to X- 

(ii) The proof is analogous to (i) . □ 
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Lemma 3.19. Let i,j,k € {1,...,^} be such that they determine one of the following 
subdiagrams: 

— 1 ^ -1 -1 ~^ C ^ —1 —1 ^ C —1 



where C & G3, i is a black vertex and qikQki = 1- Then, for all p, 

Remark 3.20. These three diagrams are all the possible generalized Dynkin diagrams of 
rank three which satisfy the conditions to be (|53p a generator of the ideal j7(SpX)- 

Proof. Let x = [(adc Ei)Ej, (adc -Ei)(adc Ej)Ek] ■ p = k, we prove it in a similar way to 
the corresponding case in Lemma 13.161 

Tp(x) =ai [{adc E^{ad,Ep)E J, {adc Ei)Ej] 

= [{adc Ep){adc E^)Ei, {adc Ej)E;\ = [EpEjE,E^E;\^_, 

if we fix the order on the letters: p < j < i. Note that, for the first and the third diagrams, 
{adcEj)'^E^, E], {adcEi)Ep € J{s*x); in the second case, ((adc^j)£!j)^, (adc^J^p G 
J^{s*y), because q.. = q..q.. = q.. = —1. In any case, E„E,E,E,E, is written as a linear 

combination of greater words modulo i7(s*x), so Tp(x) G i7(s*x) by Lemma [3l^ 
If p = J, we work in a similar way: 

rp(x) = a\ [E^, {adcm{adcE;)E^ G 

by using (adc^J^^ G J'(SpX), and also E^ G J{s*pX) or {adcKii^Kp G J{s*pX), depending 
on the diagram. 

If p = i, by Lemma 13.51 it is equivalent to prove that 

rp(x') G J {six). x := {{adcEk){adcEj)Ep, {adcEj)Ep\ . 

By (jM]) and using that {adcE_j)'^Ei. G ^{SpX), because for all the possible diagrams 
q~^ = q.,q,. / —1, we have that: 

rp(x') = al [{adcE,)E^,E^]^ G J{s;x). 

Finally, ifp 7^ i,j,k, then p is not connected with any of these vertices, or p is connected 
just with i and nipi = 1, or p is connected just with k and nipk = 1- The proof is analogous 
to the corresponding case in Lemma 13.161 □ 

Lemma 3.21. Let i,j, k e {1, . . . ,9} be such that qa = Qijqji = -qikQki G G3, qjkQkj = 1, 
qjj = -1, qkk& {-I'^ifc^C/}- Then, for all p. 



Tp [[{adcEfE^, {adcEfE,]^) G J{s;x). 



Proof Letx= [{adcEi}'^Ep,{adcEifEi,]^. Note that if p / /c, then p is not connected 
with these three vertices and the proof follows easily. 

If p = j, by (j64p and for the order on the letters p < i < k, 



Tp{^) = ai [[{adcE^)E„E^^, [{adcEj,)E„{adcE^){adcE^E,] 

= [EpEjEpEiEpEiE_f^]^. 

By (I45p . applied to the vertices i,p, E_pE] E_pE_^E_pE_^E_i^ can be written as a linear combi- 
nation of greater words modulo J' {six), so Tp (x) G J'{sZx)- The case p = k is analogous. 
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Finally take p = i: by Lemma 13.51 there exists a G such that 

X - a [[(adc Ej)Ep, Ep]^ , [(ad^ Ek)Ep, Epl] ^ 

is a linear combination of terms containing generators of i7(x) of l^ss degree, so it is 
enough to prove that Tp {[[{adc Ej)Ep, Ep]^ , [{adcEk)Ep,Ep]^]J £ J{SpX)- Note that 

Tp {[[{adc Ej)Ep, Epl, [{ad, Ek)Ep, Epl] ^) = b\Ej,Ek\c G J{s;x), 

for some 6 G k^, by using ([Ml) and {adcE_j)E_k G J{SpX) (note that g • = !)• □ 



Lemma 3.22. (i) Let i,j € {1, . . . ,6} be such that mij,mji > 1. Let 



X := (1 - qijqji)qjjqji [Ei, [{adcEi)Ej,Ej]^]^- (1 + qjj){l - qjjqjiqij) {{adcEi)Ejf 
Then, for all p, Tp(x) G J'(s*x)- 

(ii) Lei i,j G {1, ... ,0} 6e suc/i i/iai (^j^ = —1, quqijqji ^ Ge or m^j = 2, and qa € 
mjj = 4, or rriij G {4, 5}. Let 

y := [Si, [(adcSi)^^i,(adcSi)£^i]J 



1 



luqjiqij 



lii^jilijljj 



(1 - qiiqijqji)qji 
Then, for all p, Tp{y) G J(SpX)- 

(iii) Let i,j G {!,..., 0} be such that qjj = —1, 5aj + 4Q;j G A^. Let 

u = qijqji, a = (1 - v){l - qfiV^) - (1 - qiiv){l + 
6 = (1 - i;)(l - _ a qav, 

& - (1 + - qiiv)^^- + V + qiiv'^)q%v^ 



{{ad,E.,fE,)\ 



d- 



Then, for all p, Tp [[E2ai+aj , E^ ]c - d Ei^ G j(s;x). 

Proof, (i) We note that if p 7^ i,j then mpj = rupj = 0, so the proof follows easily. Moreover 
the conditions about i,j are the same but one relation implies the other holds in U{x) too 
by Lemma |3.4[ Therefore it is enough to consider one of cases p = i or p = j; consider 
p = j, in order to apply ([MI)- Note that 

If rupi = 3, then ruip = 2 and we have that 



Tp{[Ei, [{ad, Ei)Ep, Epl] J = [{ad.Epf E^, {ad, Ep)E, 



By 



we can write Tp(x) as a linear combination of 



Ep, [{adcEpf E,, {ad, Ep)Ei 



{{ad,EpfE,f; 



note that 



Ep, [{ad,E^)^E^, {ad,E^)E, 



= \M^pKiE_pE_i\c if we consider p < i. Using the 

quantum Serre relations or ()56p . depending on the case (there exist two possible diagrams), 
E.pKiKpE_i is expressed as a linear combination of greater words modulo J{spx), so Tp(x) G 
J{SpX) by Lemma [3^ 



ON NICHOLS ALGEBRAS OF DIAGONAL TYPE 



35 



If mpi = 2, there exist three diagrams such that niip = 2, and two such that rriip = 3. 
In all the cases, 

Tp {[Ei, [{adcEi)Ep,Ep]^]^) =a2ai [(adc^p)^^^,^,]^ = a2ai 

+ 0201 Qp-iq^p - {iadcEp)Eiy , 

where we use Q for the last equality. If qpp = — C, qpiqip = C , qu = C^, for some primitive 
root C G Gg, then s*x is twist equivalent to x and ([55|) is a generator of J^{s*x), so 
rp(x) G J^{s*x) by this relation and Lemma |3.4[ For the other braidings q.. = —1, so 

[{adcEp)E_i,Ej^^ G J^{spx) and the coefficient of ((adc^Ep)^^)^ in the expression of rp(x) 

is zero. Then Tp(x) G i7(SpX)- 

(ii) First we consider p = j; if qpp = — 1, then nipi = 1, so 

Sp{3ai + ap) = 3ai + 2ap, Sp{3ai + 2ap) = Sa^ + ap G A^'^, 
so m^p > 3. Applying ([M|) we have that: 

Tp(^{ie.d,E,)'Epf)=al [(ad^^^)^,,^,] J , 

[{adcE^)E,,E;\^,E^ . 

-J c 

As m^p > 3, ([56|) is a generator of i7(s*x), or m^p = 3, q.. ^ G4, so E_pKiKpKi can be 
written as a linear combination of greater words modulo J{s*x), for the order p < i, using 
the corresponding quantum Serre relation and E^. In both cases we apply Lemma 13.41 to 
deduce that Tp(y) G J^{s*x)- 

If nipi = 2, then rriip = 3; in this case, 

Tp (^{(ad^EifEp)^) = 4 [{ad.EpfE,, (ad.^p)^,]' , 

(adc^p)^^j,^4Q,p+3Q,^ ^■ 

We have two possibilities for 

• o~i , C £ G24, SO (i6T]) is a generator of c7(s*x), 

• o^'^ , C £ '^^iS) so ([59]) and ^p are generators of JT{SpX)- 

Then E^E^ElEiEpEiEpEi is written as a linear combination of greater words modulo 
J{SpX) in both cases, so by Lemma [3^ we have that Tp(y) G J{SpX)- 

Let p = i;hy Lemma [33| it is equivalent to prove that Tp{y') G J7'(spx), where 

y' := [[{8.dcE,)Ep, [{adcEj)Ep,Epl]^,Ep]^- a {[{adc Ej)Ep, Ep]f , 



Ep, [{adc Ep)Ei,Ei\^ 



Tp ([Ei, [{adc Ei)^Ej, {adcE^)Ej] 



{adcEjEi 



Tp ([E„ [{ad,E,fEp, {adcEi)Ep]^]] = 4 
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and a € is fixed. Note that 

Tp ( [ [(ade E,)Ep, [(ade Ej)Ep, J ^ , E.^] J 

= ai^^a^^,_i ([(ad,^p)--~i^^, (ad,^p)'"--2^,]^FpL;i 

Tp ([(adei?,)i?p,i^p]J = a„^,a^^,_i(ad,^p)™--2^, 
In any case, Tp(y') G kervr^*;^ is a linear combination of 

[Ep''~^EiEp'^~^Ei\c, [Ep''~^Ei\l, 

so by Lemma [37il Tp(y') € because (j55]) . (respectively, ([56|) . (j6T]) ) is a generator 

of c7(s*x) if Jn-pi = 3, (respectively, nipi = 4, rupi = 5). 

Finally we take p ^ so p is not connected with i and j (and the proof follows easily 
by Lemma [321), o^' P is connected only with i, and gjj = qijqji = <lpi<iip £ G4, g^p = — 1. 
Consider the order p < i < j, so 

Tp{{a.d^E,fEj) = [{adcEp)E^,{a.dcEp){ad^E^Ej]^, 
Tp ( [Ei, [(ad, E,fE, , {adc Ei)Ej] J ^) 

[(ad,^p)^„ (ade^p)(ade^J^^.]^ , (ade^p)(ade^J^J 

-J c 

= [KpEiEpEiEpEiEjEpEiEj]c. 

By ([52]) . E_iE_pE_iE_pEiEjE_pE_^ can be written as a linear combination of other words 
modulo iJ{SpX), which are greater than it or they begin with E_p; multiplying on the left 
by Ep, on the right by Ej, and using that Ep G JT{Sp\), E pE^E pE^EpE^E jE pE^E j is 
a linear combination of greater words modulo J^{s*x), so Tp(y) G •JiSpX) by a similar 
argument to the previous steps. 

(iii) The proof is analogous to the previous items, where we note that in the two possible 
cases Qjj = —1, and if p ^ i,j, then p is not connected with them. □ 

Lemma 3.23. (i) Let i,j G {1, ■ ■ ■ ,0} be such that Aai + 3aj ^ A^, qjj = —1 or mji = 2, 

and also niij > 3, or niij = 2, qu G G3. Then, Tp {[Esai+2aj , {i^dc Ei)Ej]c) G J{SpX), for 
all p. 

(ii) Let i,j G {!,..., 9} be such that Aoi + 3aj G AiJji, 5ai + Aaj ^ A^. Then, for all p, 
Tp {[E^^,+3a,,iadcEi)Ej],) G J{s*pX). 

(iii) Let i,j G {!,... ,9} be such that 3ai + 2aj G A^, 5ai + Saj ^ A^, and q%qijqji, 
QiiQijQji / 1- ^^en, Tp {[{adc Ei^ Ej , E3a,+2aj]c) G J(SpX) for all p. 

(iv) Let i,j G {1, . . . be such that bai + 2aj G A^, 7aj + 3aj ^ A^. Then, for all p, 
Tp {[[{adcEifE,, {adcEifE,], {adcEi)^E,]c) G J{s;x)- 

Proof. For these four sets of conditions, if p / i,j then p is not connected with i and j, so 
the proof follows easily using Lemma l3.7[ or we have a diagram as in Lemma l3. 22 [ (ii) , 
and the proof is analogous to this one. In consequence we will consider p = i and p = j 
for each one of these cases. 



(adc^p)^,, 
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(i) Let X = [E3ai+2aj , {a,dc Ei)Ej]c, and take p = j. If 
QppQpiQip = 1)5 we have that 



m. 



■pi 



1 (that is, qpp = — 1 or 



Sp(3aj + 2ap) = Sa^ + G A^'^, Sp(4aj + 3ap) = 4aj + ap ^ A^'^. 

Therefore = 3, so (respectively, (adc^EJ^^^) is a generator of l7(s*x), if q.- belongs 
(respectively, does not belong) to G4. By (jMj) and the previous relations, depending on 
the case, 



rp(x) = a\ 



[{^d,E^)E,,E^,E, 



e J (six). 



The remaining case is tripi = 2, for which there exist two possible diagrams: 



as- 



In both cases qpp € G3, and also 



Sp(3a.j + 2ap) = 3ai + Aap G AJ'^, Sp(4Q;j + 3ap) = 4aj + bap ^ A^^^. 



Then (fSUj) is a generator of J'(s*x) if 3ai + 5ap G A^'^, or ([5U|) is a generator of J7'(s*x) 
in other case, so for both braidings E^EiEpEiEpEiEpEi is a linear combination of greater 
words modulo J7'(s*x), and ([59]) belongs to J7'(s*x)- Therefore 



Tp(x) = 02 



[(ade^p)2^i, (ad, ^p)^,] ^ , (ade^p)^J , (ad.^^)^, 



Consider now p = i, so by Lemma 13.51 it is enough to prove that 

rp(x') G J{s*pX), X := [(ade^,)^p, [{adcEj)Ep, [(ade^j)^p,^p]J J, • 

If rupj = 2, then Sp(3ap + 2aj) = Qp + 2aj G A_,r'^, Sp(4ap + Saj) = 2ap + 3aj ^ A^'''', 
so = 2, and (|45]l is a generator of J'{s*x); then 

Tp(x') = 4ai [(ad,^p)^^., [(ade^p)^,,^,] 1 G Jis*px). 



If TTipj = 3, then Sp(3ap + 2aj) = 3ap + 2aj G A^'^, Sp{4ap + 3aj) = 5ap + Saj ^ A^^, 
so (j60|) is a generator of J^{SpX)- By 

rp(x') = 4a2 [{adcEpfE^, [{a.d,Ej,fEj, (ade^^)^^-] J ^ G ^(^x)- 

If nipj = 4, then Sp{3ap + 2aj) = 5ap + 2a j G AJ'^; moreover, we note that 7ap + 3a j ^ 

A_|f in both cases, and (j58p is a generator of J'(SpX)- By this relation and the quantum 
Serre relations, KpEjE^EjE^Ej is written as a linear combination of greater words modulo 
J{SpX), so 

rp(x') = alag \{ad,EpfE^, [{ad.EpfEj, (ade^p)%.] 1 G J{s;x). 



. SpX 



(ii) The proof is similar to (i) , but more simple: for p = j we have just one possibility, 
rUpi = 1. 

(iii) Let X = [{adc Ei)"^ Ej , E^ai+2aj]c- Consider p = j; we consider i a non-Cartan vertex, 
because in other case E_^E_pE^ or EjE_pE^ can be written as a linear combination of other 
words using the corresponding quantum Serre relation, and finally EjE_pEjE_pE_^ is a linear 
combination of greater words modulo J{s*pX), so the relation is redundant in this case. In 
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consequence we consider nipi — 1, and for this case KpE^Kp^ is a hnear combination of 
greater words modulo J7'(s*x), so 



[(ade^p)^,,^,]^ , [(ad,^p)^„^4 



G J {six)- 



Let p = i; as above, it is enough to prove that 
rp(x') e Jislx), x' := [[{adcEj)Ep, [iadcEj)Ep,Epl]^,[{adcEj)Ep,Epl 



If nipj = 2, then Sp{3ap + 2aj) = ap + 2aj € A^'^, Sp(5ap + 3aj) = ap + 3aj ^ A!^"^, 
so {adcE_j)^E_p (or £|f) is a generator of J^{s*x); therefore 

rp(x') = alal \[{adcEp)Ej,E^]^,Ej\ G J{s;x). 



If = 3, then Sp{3ap + 2aj) = 3ap + 2Qj € A!^"^, Sp(5ap + Soj) = Aap + 3aj ^ A^^, 
so (j59|) is a generator of J7'(s*x)- Therefore 

rp(x') = 44 \[iadc EpfE^, iadcEp)Ej] ^ , (ad,^p)^J G ^(^x)- 



If rupj = 4, then Sp(3ap + 2aj) = hap + 2aj G A^'^, Sp(5ap + 3aj) = lap + 3aj ^ A!^^, 
so ([58|) is a generator of J'(SpX)- In consequence, 

rp(x') = 44 \[{ad,EpfE^, (ade^p)^]^ , [ad^E^fs] G J(s;x). 



(iv) The proof is analogous to the previous one. □ 

Now we are ready to prove that the Lusztig isomorphisms descend to the family of 
algebras U{x)i so we will look at the root system of this family of algebras. As we consider 
finite root systems, they are univocally determined as sets of real roots, and using this 
result we will obtain the desired Theorem of presentation by generators and relations of 
Nichols algebras. 

Proposition 3.24. The morphisms (I38p induce algebra isomorphisms 

Tp,T~ ■.U{x)^U{s;x), 
such that TpTp = T~Tp = id(/(-^). 

Proof. By the definition of the ideals J'{x) and the previous Lemmata, rp(^(x)) C 
i7(SpX), so there exists an algebra morphism Tp : U{x) U{s*x)- By = id and the 
definition of the ideal, 4>4{J^{x)) = ^(x)i and also tpx{J'{x)) = J^ix) for any A G (k^)^, 
because the ideal is Z^-homogeneous. By (|39]) we have that Tp{J^{x)) C c7(SpX), so there 
exists also an algebra morphism T~ : U{x) U{s*x), induced by the corresponding 
morfism. 

These algebras are generated by Ei, Fi, Li, Ki, and the identities TpT~ = TpTp = id 
hold for each one of these elements, so these identities hold for all the elements of these 
algebras, and these morphisms are isomorphisms. □ 

This result lets us to prove the main result of this Section. The proof is similar to the 
one for HH Thm.5.25]. 

Proof of Theorem 13. IL 
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Set := {U^ (x)) \ {NaO : a € A^}. By the triangular decomposition, Lemma 
12.81 Theorem 12.91 and Proposition 13.241 we have that 

(65) ^c/+(x) = 'Hu+^ix)^HE^) = ^p('^u+^is;x)'>^HEp), 

for all p G {1,...,6}, because deg(Tp(X)) = Sp{degX) for each homogeneous element 
X G U{x)- Recall that h{Ep) G {ordgpp,oo}, so 

(66) A+ (C/+(x)) = sp (A+ {U+{slx)) \ A^p«p}) U 5p, 

where Sp = {op}, or Sp = {op, NpUp], so A^ = Sp i^A^f^ \ {op}^ U {op}. 

In this way, if we consider the sets A^, for each x in a Weyl equivalence class of a 
fixed braiding with finite root system, then R = {A^} is a root system for our Weyl 
groupoid, according with the Definition 11.171 As we have a finite root system, it follows 
that A^ = A^, for aU X, because by Proposition 11.211 all the roots are real. In this way, 
A"*^ ([/''" (x)) is obtained from A^i adding N^a, for some a G Ai^. Fix an order on the letters 
Xi and consider the corresponding PBW basis. We have a projection vr^ : U{x) u(x) 
of graded braided Hopf algebras, so the corresponding Xa of the PBW basis of u(x) are 
generators of the PBW basis of U{x), by the definition of Kharchenko's PBW basis. On 
the other hand, each simple root of a non-Cartan vertex satisfies E- = in U{x), so 
Niai ^ A+ ([/+(x)). Therefore ([65]) implies that 

N^a i A+ (C/+(x)) , for aU a G A^ \ 0(x), 

because a is of the way a = w{ai) for some w G W and i G {1,...,^}, i a non-Cartan 
vertex in the corresponding x' ■ Analogously, for each Cartan vertex i, Niai G A"*" ([/^(x)), 
because E- ^ in U{x)-> so 

N^a G A+ ([/+(x)) , for aU a G 0{x). 

Therefore A+(C/+(x)) = A^ U {7V„a : a G 0(x)}- 

Suppose that the degree Naa in A"*" ([/"'' (x)) corresponds to a Lyndon word of this 
degree: we can assume that it is of minimal length, and we denote it by n; set (f , w) = 
Sh(u). In this way, degw = /3, degw = 7, for some /3, 7 G A^, and /3 + 7 = NaU. As 
all the roots are real, we deduce that if /3 < 7, then /3 < a < 7, by a similar argument 
to the convexity properties in |A2] . We can consider then the case /3 = a^, because 
if /3 = Si^ - ■ ■ Si^{ai^j^^), where w = Si^ - ■ ■ si^ is the beginning of the expression of the 
element of maximal length, we apply to obtain that o-i^,^^ + 7' = N^a' for some 
a', 7' G A^. Note also that > 2, because if we suppose Na = 2, then a is applied in 
a simple root corresponding a Cartan vertex by some element of the Weyl groupoid, 
and as Na is invariant by the action of the Weyl groupoid, it should he qa = —1, but it 
corresponds to an isolated vertex or a non-Cartan vertex, which is a contradiction. Set 

e e 
a = njaj, 7 = "^jCKji for some nj,mj G Nq. 
i=i i=i 

Note that rrii = NaUi — 1 > 2, and for j 7^ i, nij = Nafij > 3, so supp7 = suppa. By 
simplicity assume that suppa = {1, . . . ,0}; note that the vertices of supp/3 corresponds 
to a connected subdiagram, for any positive root /?. 

By these considerations we reduce the problem to an analysis case by case of the 
positive root systems of connected diagrams, and we do it with the help of the program 
SARNA |GHV] . We look for the possible 7 such that all the coordinates, except at most 



40 



IVAN ANGIONO 



one, are divisible by an integer > 3, and the remaining coordinate is > 2, so we just have 
a few 3-uples in rank two or three. Analyzing each of these 3-uples 

(a, 7, i) G X x {!,... ,9} such that there exists iV G N : + 7 = Na, 

we note that N 7^ for all of them. Therefore, there are no Lyndon words of degree 
Naa, so the generators of degree NaO are x^", and then the elements 



are a PBW basis of U{x). As x^" = in u^(x), T^x iiiduces a surjective morphism 

4 : C/(x)/(x^ : a G 0(x)) ^ u+(x), 

which applies the set 

{x1l---x2, ftGA^,0<nj<iV,}, 

generating linearly the quotient, to the corresponding PBW basis of u^{x)- Therefore vr^ 
is an isomorphism. □ 



4. Generation in degree one 

Now we answer positively the Conjeturedl formulated by Andruskiewitsch and Schnei- 
der, but restricting to the case in which G{H) is abelian. The technique of the proof is 
the same that these authors use in jAS4j . extended in some works to other families. In 
particular, the first Lemmata of this Section correspond to relations generating the ideal 
for standard braidings as in |AGIj . but the proof is made in a general context. 

In what follows F denotes a finite abelian group, and S = 0„>o S{n) is a graded 
braided Hopf algebra in '^yV such that 5(0) = kl, generated as an algebra by V := S{\). 
Fix a basis {xi, . . . ,xq} oi V , so V has a braiding of diagonal type: we can assume that 
Xi G ^(l)^^ for some G F and Xi G F. Set then qij := Xjidi) G k^. 

We will prove that if S is finite dimensional, then S is the Nichols algebra B{V) 
associated to V . We will obtain then the main Theorem of this Section, answering this 
Conjecture. 

We begin by extending jAS41 Lemma 5.4] for a general quantum Serre relation, proving 
that they hold in 5, or S is infinite-dimensional. 

Proposition 4.1. Let S he as above. If there exist i,j G {1, ■ ■ ■ ,0} such that q'l^ '^^^ 1, 
and also adc(xj)^^™'^ (rcj) 7^ 0, then S is infinite- dimensional. 

Proof. By definition of ruij, we have that q^^^ QijQji = 1. We begin the proof as in jAS41 
Lemma 5.4]. To simplify the notation, call m = ruij, q = qu, yi := Xj, 2/2 := Xj., 7/3 := 
adc(xj)^+"^(xj). Set also 

hi= gi, /i2 = 9j, hs = 9T~^^9j, 

m = Xi, V2 = Xj, V3 = xT^^Xj, 

so yfc G 1 < /c < 3. If W = kyi + ky2 + kya, then W C (because 2/3 is also 

primitive), so there exists a monomorphism B{W) ^ S. We compute the corresponding 
braiding matrix {Qi^i = ??i(/ifc))i<fc ;<3, and consider the corresponding generalized Dynkin 
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diagram: 

(67) o^n 




We will consider the different possible cases and prove that no one of them are in |H3] , 
so B{W), and in consequence S, is infinite-dimensional. Suppose that the diagram (|67p is 
in Heckenberger's list: 

Case I: QkiQik / 1 for all 1 < A; < / < 3. By [H31 Lemma 9], 1 = Y[k<iQkiQik = 
q2-m(m+i)q2^^ and at least one of the vertices is labeled with —1. Note that q ^ — 1, 
because in such case m = (and we assume g^'+i ^ 1). Also qjj ^ Q^~^^Qjj by hypothesis, 
so there is only one vertex labeled with —1. 

• If qjj = —1, then 1 = {q"^~^^ qjj){q~"^^"^~^^^ qjj) = —q^~"^^ and m = 1 by the same 
Heckenberger's Lemma, which is a contradiction. 

• If q^^^qjj = —1, then 1 = qq^^"^ = by the same result, and also 

1 = g,,(g-™(™+l)g2^.) = (-+3)+2,n ^ ^3,^2m^ 

SO we deduce that 

-1 = (-1)3 = g3^.g3m+3 ^ (^g3^.^2m)^m+3 ^ ^m+S^ 

which is also a contradiction. Therefore (I67p does not belong to Heckenberger list 
for this case. 



Case II: Q12Q21 = Q = 1. In this case m = 0, so (I67p becomes: 
(68) ollj^ oin . 

If qjj = —1 we obtain the connected subdiagram 0I o~i , which has no vertices 

labeled with —1, and these labels are different. Such diagram is not of finite Cartan type 
and moreover it does not correspond to any diagram without —1 in the vertices in rows 
5, 9, 11, 12, 15 of |H3l Table 1], so B{W) is infinite-dimensional. 

If qjj 7^—1 and q = —1, we have an analogous situation, so g / — 1 and (f68l) is a 
connected diagram of three vertices. If qqjj 7^—1, then |H31 Lemma 9] implies that one 
of the following situations holds: 

• the diagram is of finite Cartan type, so it contains a subdiagram of Cartan type 
A2. Then 1 = qq^ = {qqjj)q^, or 1 = qjjqj- = {qqjj)q'jj, so g = 1 or qjj = 1; 

• q^ = 1, qjj, qjjq gGqU Gg, and qjjq'^j = 1 or q^j = 1, q, qjjq gGqU Gg, qq'^ = 1. 

No one of these situations hold, so qqjj = — 1. If this diagram is in |H31 Table 2], it follows 
that QiiQi2Q2i = 1 for some i G {1, 3} in all the possible cases. We can assume then i = 1, 
= 1. By |H3t Lemma 9], one of the following situations holds: 

• q^j = 1, but also q^j = -q~^ = -1, 

• Ijj = 1' 

• Qjj = -Q- 

No one of these situations are possible, so we obtain a contradiction in this case too. 
Case III: Q13Q31 = q'^+^ = 1. We obtain the diagram: 
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Such diagram is the corresponding to ([68|) . but changing qjj by qjjq"^, so it does not 
belong to [H3l Table 2]. Then ^"+2 / 1. 

Case /y." Q23Q32 = 1- This means = so we have the diagram: 

(69) oin o9 -^9™+'%-.- 

^ ' g?n+2^ 

This diagram is connected by the previous cases. As m 7^ 0, ^ it follows that 

q ^ —1. Consider the different possible values of the labels of the vertices: 
qjj = q'"'''"'"C|jj = — 1: that is, (^™+^ = 1 and we have the diagram: 



which is not in Heckenberger's list. 

qjj = -l,q'"+iqjj ^ -1: By [H3l Table 2], it should be 1 = Q22Q23Q32 = and 
we should have the diagram 



9^ 



Moreover, 1 = q'^j = = ^ ^-6_ ^^^^ ^j^^^ / 1 because g"" 7^ 1, so g G Ge- 

But this diagram is not in Heckenberger's list. 

qjj 7^ — 1, q'^^-'-qjj = —1: as above, 1 = Q22Q21Q12 = q^~^- By definition it should 
be m = 1, with the same diagram of the previous case and g G Gg, so we obtain the same 
contradiction. 

qjj, q'""'"-'" qjj 7^ —1: By Lemma 9], one of the following situations holds: 

• the diagram is of Cartan type. Then, q = qjj and m = 1, or g = q^'^^qjj = q~^~'^. 
In both cases we obtain the same diagram, 



g q'^ 

We discard easily the cases ^3,6*3, because q,q^ 7^ q^ . If it is of type i?3, q = 
{q^)"^ = q~^ , which is a contradiction. 

• qjj G G3, g G Ge U G9 and 1 = g^"™ = qjjq^^^^^ . Then m = 1 and = q~^ , 
so q^^ = 1, but we obtain then a contradiction with the fact that g G Gg U Gg is 
primitive. 

• q'^^^qjj G G3, g G Ge U Gg y 1 = qjjq'"^ = q"^^^ . Again q^^ = 1, and we obtain 
the same contradiction. 

In consequence, (|67p is not in Heckenberger's list, and S is infinite-dimensional. □ 

Now we continue with another Lemmata from |AGIj . just adapted to this general 
context. 

Lemma 4.2. Let j,k,l G {!,..., 0} be such that q^i^ = —1, qkjqjk = Q-ki^Q-Tk 
qjiqij = 1. // [(adc 2;j)(adc Xfc]^ 7^ is a primitive element of S, then S is infinite- 

dimensional. 

Proof. Set u := [{adcXj){adcXk)xi,Xk]^, Qu ■= QjOlgi e T, Xu ■= XjXlxi G f , g := qikqkl] 
we work then as in the previous Lemma. 

We compute the braiding corresponding to the primitive elements yi = Xj, y2 = Xk, 
7/3 = xi and y4 = u, with the corresponding elements /ij G F, r^j G L; we will prove that 
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such braiding has an associated Nichols algebra of infinite dimension, and so S has infinite 
dimension. The corresponding generalized Dynkin diagram to {Qrs = Vs{hr))i<r,s<4: is: 

(70) oin —— o-i 

9 



g2 g-2 



'> 9 

Suppose that such diagram is in Heckenberger's list, li q = —1, then (I70p contains (j68p 
as a subdiagram, so it does not appear in the list. Therefore q ^ —1. As each diagram in 
|H3t Table 3] does not contain a 4-cycle, it follows that q'jjq''^ = 1, or q^q"^ = 1. As the 
conditions are symmetric, it is enough to consider the case qjj = ±q. 

If we also have qu = ±g~i, and as Q44 = qjjqa 7^ 1, the diagram contains the following 



which is a contradiction with |H31 Lemma 9]. In consequence we have: 

Suppose that qjj = —q. As Q11Q12Q21 7^ we deduce from |H31 Table 3] that mi2 = 2; 
that is, 

= (1 - Ql,){QliQuQ2i - 1) = (1 + q'){q - 1), 

which gives conditions about q, but each diagram in |H3l Lemma 9] does not satisfy this 
condition. 

Therefore qjj = q. We look at |H31 Table 3] but a diagram in such list does not satisfy 
Q22 = —1) Qii = '344^33^ = q so ([70j) is not in the list. In consequence, S has 

infinite dimension. □ 

Lemma 4.3. (i) Let i,j G {!,..., 0} be such that qjj = —1, quqijqji G Gq, and also 
qu £ G3 or rriij > 3. // [{adcXj)'^Xk, {&dcXj)xk\^ G V{S) \ {0}, then S is infinite- 
dimensional. 

(ii) Let i,j,k G {1,... ,9} be such that qu = ±qijqji G G3, qikqki = 1, and also —qjj = 
qjiqijqjkqkj = l or qj^ = qjiq^ = qjkqkj + -1- [(adcXfc)2(adc3;j)a;,, (adcXj^Xfe]^ G 
\ {0}, then S is infinite- dimensional. 

Proof, (i) We follow the same scheme of proof. Set 

yi=Xi, y2 = Xj, ys = [{adcXjfxk,{adcXj)xk]^, 

and hi G F, rji G T, i = 1,2,3 the corresponding elements. Suppose that the braiding 
matrix {Qrs = Vsihr))i<r,s<3 appears in Heckenberger's list. The associated generalized 
Dynkin diagram is 



9^ 



9^ 



Then (^33 = qf^ ^ 1, so mjj > 3. Moreover the diagram is connected, so it is of type super 
G(3), the unique diagram of rank three such that some rurs is > 3. Therefore 1 = Q23Q32 = 
g^, which is a contradiction, so the diagram associated to (Qrs) does not correspond to a 
finite-dimensional Nichols algebra. In consequence S is infinite-dimensional. 
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(ii) Set w := [{adcXk)'^{adcXj)xi, {adcXj)xk\^, and denote as above yi = Xi, 1/2 = Xj, 

y3 = Xk, 1/4 = w, W the subspace generated by these elements, and hi & T, rji G T, 
i = 1,2,3,4 the corresponding elements: suppose agam that B{W) is a finite-dimensional 
Nichols algebra. Set C = Qu ^ ^3- We analyze each possible case. 
• ^jj ~ QjiQijQjkQkj = 1: the diagram of (Qrs) becomes 

-,<?fcfe 




As (512Q211 Q14Q4I) Q42Q24 7^ 1) and the product of these three scalars is not 1, 
such diagram is not in Heckenberger's list, by |H3t Lemma 9]. 
q~j^ = qjiQij = QjkQkj 7^—1: now we have the diagram 




o<?fcfeC 

The lack of 4-cycles in Heckenberger's list implies that 1 = QsiQ^s = ql/.C'^, so 
QkkC = because Q44 = qkkC 7^ 1- But this diagram does not appear in \}13\ 
Table 3]. 

We obtain a contradiction in all the cases, so S is infinite-dimensional. □ 
Lemma 4.4. Let i,j,k € {1, . . . ,9} be such that qikQki) QijQjij QjkQkj 

^ 1. Let 

w := [xi, {adcXj)xk]. ^ qjkQkj [(^dc Xi)^^, Xj] - qij{l - qkjqjk) Xj{adcXi)xk. 

Qkj[^ - qikQki 

If w ^ V{S) \ {0}, then S is infinite- dimensional. 

Proof. Set yi = Xi, 1/2 = Xj, ys = Xk, = w, W the subspace generated by these elements, 
hi & T, r]i G T, i = 1,2,3,4 the corresponding elements, and {Qrs = f/s(^r))i<r,s<4: 
supppose as above that B{W) is finite dimensional. Note that 

QiaQai = qjilijQjiQikqki = QiiQjk^j^ 

because qijqjiqikQkiQkjQjk = 1) by |H31 Lemma 9]. By the same Lemma at least one vertex 
is labeled with —1. Then, if qa = —1, we have that QuQ/^i 7^ —1; the same holds for the 
other vertices, so exactly one vertex is labeled with —1 (we have no 4-cycles). We look 
for possible braiding with these conditions in |H3t Table 3], but no one coincides with this 
description. Therefore B(W) is infinite-dimensional, and S too. □ 

Lemma 4.5. (i) Let i,j, k € {1, ■ ■ ■ ,0} be such that one of the following conditions holds: 

• qu = Qjj = -1; {<lij<ijif = {QjkQkj)"^, qikQki = 1, or 

• Ijj = Qkk = qjkQkj = —1, Qu = —QijQji € G3, qikqki = 1, or 

• qu = Qjj = Qkk = —1; QijQji = QkjQjk £ G3, qikqki = 1; or 

• qu = Qkk = —1; Qjj = —qkjQjk = iQijQji)^^ € G3, qikqki = 1- 

// [[(adc Xj)2;j, {adcXi){adcXj)xk]^,Xj~\^ £ 'PiS) \ {0}, then S is infinite- dimensional. 
(ii) Let i,j,k e {I,..., 6} be such that qu = qjj = -I, {qijqjif = {qjkqkj)~^, QikQki = 
1. If [[{adcXi)xj,[{adcXi)xj, {adcXi){adcXj)xk]^]^,Xj]^ G V{S) \ {0}, then S is infinite- 
dimensional. 
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Proof, (i) Set yi = Xi, y2 = xj, 2/3 = x^, Va = [[(adc Xj)^^, (adc Xi)(adc a;^)^^]^ , Xj] ^, W 
the subspace generated by these elements, /ij G F, r/j G F, i = 1,2,3,4 the associated 
elements and {Qrs = VsiK-))i<r,s<4. the braiding matrix. We will consider the associated 
generalized Dynkin diagram for each case. 

For the first case, we have the following diagram, where q := qijqjf 




Q—Qkk 

Suppose that B{W) is finite-dimensional. Then (533(332^23 = so quk = (f and then 
QziQiZ = 7^ 1- In consequence such diagram is of type super F{4). Then 1 = 
QuQii = which is a contradiction. 

For the second case, Q12Q21 = QiaQai = -Qu 7^ 1, (524Q42 = -qfi 1^ so 

Q12Q21Q1AQ41Q24QA2 = -qu 1 because qu G G3, 

and then B{W) is infinite-dimensional, by |H31 Lemma 9]. 

For the third case, Q44 = 1, so B{W) is also infinite-dimensional. For the last case, 

Q23Q32 = —Qjj 7^ —1, QsiQis = —1, Q24Q42 = I _ 2 

so Q\2Q2\Q\aQa\Q24Q42 = " 9jj 7^ 1> or this product is —1, so B{W) is again infinite- 
dimensional. 

Therefore S is infinite-dimensional in all the cases, 
(ii) We use the same notation, but in this case: 

j/4 = [ [(adc Xi)Xj, [(adc Xi)xj, (adc Xi)(adc 2;j)xfc] J ^ , Xj\ ^ . 
So we have the following diagram for {Qrs)'- 



Qkk 




-Ikk 



where q = qijqji- Suppose that B{W) is finite-dimensional. By [IL3\ Table 3], this diagram 
cannot be connected. In consequence, 1 = QhQm = QsaQas, so q^k = il- But then 
(333 = 1, or (^44 = 1, which is a contradiction to the fact that B{W) is finite-dimensional. 
So S is infinite-dimensional. □ 

Lemma 4.6. Let i,j,k,l G {1,...,^} be such that qjjqijqji = qjjqkjljk = !> (QkjQjk)'^ = 

{qikqki)~ = qu, qkk = -i, qikqki = ququ = qjiqij = i- if 

[[[{adcXi){adcXj){adcXk)xi,Xk]^,Xj]^,Xk]^ G V{S) \ {0}, 
then S is infinite- dimensional. 

Proof. We use a similar notation and consider the corresponding subspace W generated 
by the corresponding primitive elements. Suppose that B{W) is finite-dimensional. Its 
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associated Dynkin diagram is 




q = qjj. 



Note that 1 = Q15Q51, because there are no 5-cycles and ^ 1. Therefore qu = q, but 
this diagram is not in Heckenberger's hst, so B(W) is infinite-dimensional, and S too. □ 

Lemma 4.7. (i) Let i,j, k G {1, . . . ,9} be such that qjj = q^-^qjj^ = qjkQkj £ G3. // 

[[{adcXi){adcXj)xk,Xj]^Xj]^ G V{S) \ {0}, 

then S is infinite-dimensional. 

(ii) Let i,j, k e {1, . . . ,9} be such that qjj = q~^qjj^ = qjkQkj S G4. // 
[[[{a.dcXi){a.dcXj)xk,Xj]^,Xj]^,Xj]^ G V{S) \ {0}, 
then S is infinite- dimensional. 

Proof, (i) Using the same notation as in previous Lemmata, we have the diagram 

C 

o*?" of o'ikk , C = qjj G G3, 

QlkkQii 

for yi = Xi, 2/2 = Xj, ys = Xk, Va = [[{a.(lcXi){a.(lcXj)xk:Xj]^Xj\^, with corresponding 
matrix (Qrs), and W is the subspace generated by these elements. Note that 

• if qu = qkk = -1, then Q44 = 1; 

• if qii,qkk 7^ ~1) then the diagram contains a 4-cycle; 

• ii qu = —1, qkk 7^ —1, or Qjj 7^ —1, qkk = — 1, the diagram contains o'> o"*? 

as a subdiag ram (where q — qu or q = qkk), and this connected subdiagram of 
rank two is not in jH31 Table 1]. 

In all the cases B{W) is infinite-dimensional, so S too. 

(ii) The proof is analogous. □ 

Lemma 4.8. (i) Let i,j,k G {I,..., 9} be such that qu = —1, qj^ = —qijqjtqjkqkj ^ 
{-l,qijqji}, qikQki = 1- If [iadcXi)xj, {adcXi){adcXj)xk]^ G •p(S')\{0}, then S is infinite- 
dimensional. 

(ii) Let ij, A; G {1, . . . , 6*} be such that qjkqkj = 1, Qu G G3, qijqji, quqik ^ Qu^ ■ If 

[{adcXifxj, [adcXifxk]^ G V{S) \ {0}, 
then S is infinite- dimensional. 

Proof. We consider the same notation as before. We consider the subspace W generated 
by yi = Xi, 1/2 = Xj, Us = Xk and (the primitive element corresponding to the relation), 
where yi G for some hi G F, rji G T, and set {Qrs = Vsihr)). 
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(i) Consider the three possible diagrams for i,j,k, as in Lemma 13.191 



-1 ^ ^ -1 



-1 

-1 c -1 



,1 ^ . -< _1 



For the first and the last diagrams, Q12Q21, Q24Q42) Q14Q41 / 1, and the product of 
these three scalars is not 1, so B(W) is infinite-dimensional by |H31 Lemma 9]. The 
second diagram is not in \H3\ Table 3], so B(W) is also infinite-dimensional. Therefore, S 
is infinite-dimensional. 

(ii) We note that there exist two possible braidings (qrs)'- qu = QijQji = —Qikqki ='■ C ^ 
Qjj = — 1, Qkk € { — 1, — C^}. Therefore, the diagram corresponding to (Qrs) is: 

-I ^ A n 



"Ikk 



If qkk = -1, then Q44 = 1; if qkk = -C"^, then 

Q23Q32, Q24Q42) Q34Q43 / 1) '323Q32Q24Q42Q34Q43 7^ 1- 
In both cases B{W) is infinite-dimensional, and S too. 



□ 



Lemma 4.9. Let i,j S {1, . . . ,0} be such that the satisfy one of the following conditions: 

(0 ~Qiij QjjjQiiQijQjijQjjQjiQij 7^ 1; 

[x,, [(ad,x,)x„x,]J^ - + ((ad,x,)x,)^ € ViS) \ {0}; 

[i^ QtjQjijQjjQjt 

(ii) Qjj = -1, qaqijqji ^ Gq, and also ruij G {4, 5}, or ruij = 3, qu G G4, 

r \( A ^2 (J \ ^ ^ ^~ i^^'ii^i^i ~ 'iuQ'ji'iijQjj 
^Xi, ^[aO-cXi) Xj,[a,(icXi)Xj^^^^ — 



{{ad,xifx,y eV{S)\{0}- 

(1 - quqijqjijqji 

(iii) 4aj + 3aj ^ A^, qjj = —1 or mji = 2, and also mij > 3 or ruij = 2, qu G G3, 

[x3a,+2aj,{a'dcXi)xj]c G V{S) \ {0}; 

(iv) 3ai + 2aj G A^, Soj + 3aj ^ A\, and q%qijqji, qaqijqji / I, 

[(adcXj)^Xj,X3„,+2aJc G ViS) \ {0}; 

(v) Aai + 3a j G A^, Sa^ + 4aj ^ A^, 

[2;4a,+3a, , (adcXi)2;j]c G V{S) \ {0}; 

(vi) 5ai + 2aj G A^, + 3qj ^ A^, 

[[{a.dcXifxj, {a.dcXi)'^Xj\, {a.dcXifxj\c G \ {0}; 

(vii) qjj = -1, Soj + 4aj G A^, 

[2;2a,+a, ,2;4a,+3ajc - a2;L,+2a, ^ V{S) \ {0}, 

/or some a G . 

T/ien S" is infinite- dimensional. 
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Proof. Firstly we note that there exists just one connected generahzed Dynkin diagram 
of rank three such that 3aj + 2aj € A^, for some pair which is exactly the unique 
one such that ruki > 3 for some pair k, I. Moreover, 4aj + 3a j, 5aj + Aaj, are not positive 
roots for any pair i,j and any connected Dynkin diagram of rank 3. 

We consider as above the subspace W generated by yi = Xi, y2 = Xj and ys, the 
relation which is a primitive element by hypothesis, and analize its generalized Dynkin 
diagram. 

(i) If Q13Q31 7^ 1 or Q23Q32 / 1) then B{W) is infinite-dimensional. In other case, 

Q13Q31 = qfiqfjQji = 1, Q23Q32 = QjjQijQ'ji = 1. 
so Q33 = qfiQijqjiQjj = 1, and B{W) is also infinite-dimensional. 

(ii) If qa € G4, qijqji = qa = qj^ (and then {qrs) is Cartan of type G2), then 

1^33 - qa QijQjiQjj - 
so B{W) is infinite-dimensional. In other case, Q13Q31 7^ 1, or Q23Q32 7^ or 

Q13Q31 = qfiqijq'ji = i, Q23Q32 = qfjqjiqjj, so Q33 = 1, 

and therefore B{W) is infinite-dimensional. 

(iii) Now we calculate 

Q33 = qji qijqji q]j, Q13Q31 = quq%q%-, Q23Q32 = qfjqjiqjj- 

If (qrs) is Cartan of type G2 and qa G Gq, qijqji = qjj = —1, then B{W) is infinite- 
dimensional, because we have a connected diagram of rank three such that M12 = 3, and 
it is not of type super G(3). In other case, we will prove that Q13Q31 / 1 or Q23Q32 7^ 1 
to conclude that B{W) is infinite-dimensional. If niji > 2, we have the following possible 
cases: 

• qa = -C, qijqji = d qjj = C^, C G Gg; in such case, Q23Q32 = C- 

• qa = -C, qijqji = -C^^, qjj = C^, C e G15; therefore, Q23Q32 = C^- 

Also, if qa = C^, qijqji = C^, qjj = -1, C € G12, then Q13Q31 = C- In all the remaining 
cases, qjj = -1 and qijqji ^ G4, so Q23Q32 / 1- 

(iv) This relation is not redundant just in the following two cases: 

oC' ^ 0-1 , C G Gg, o^"' — ^ o-T* , r? G G15. 

Note that they are not contained in any connected diagram of rank three in |H31 Table 
2], so it is enough to verify that Q13Q31 7^ 1 or Q23Q32 / 1 to conclude that B{W) is 
infinite-dimensional. For the first diagram, Q23Q32 = 7^ Ij and for the second one, 
Q23Q32 = -r]-^ + 1. 

(v) The proof is analogous to (iii) . Note that 

n — «25„i2^2o „i6 n n — ^,10 „4 „4 n n — rF> 

W33 — qa qij qji qjj , (^i3V3i — qa qijqji, 1^23(^32 — qijqjiqjj- 

We have that qjj = — 1 for every diagram satisfying the conditions for this item. Also, if 
^ii = C G G5, qijqji = C^5 it follows that Q33 = 1. In the remaining cases, qijqji ^ G5, so 
Q32Q23 7^ —1) and then B{W) is infinite-dimensional. 

(vi) In this case, 

n — „49^21^21„9 r) n — «14^3 „3 ri n — «7 _7 „6 

V33 — qa qij qji qjj, (^i3t<^3i — qa qijqji, ^23^^32 — qijqjiqjj- 

We have that qjj = — 1 for every diagram satisfying the conditions for this item, and also 
qijqji ^ G7, so Q23Q32 7^ 1- Therefore B{W) is infinite-dimensional. 

(vii) The proof is analogous to the one for (i) . 
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We conclude that S is infinite-dimensional in all the cases. □ 

Now we can prove the main Theorem of this Section. 

Theorem 4.10. Let S = ®n>oS{n) be a finite- dimensional graded Hopf algebra in ^yT>, 
where T is a finite abelian group, such that 5(0) = kl. Fix a basis xi, . . . ,xg ofV := S{1), 
such that Xi G ^(l)^^ for some gi and Xi £ o,nd set qij := Xjidi)- If S is generated 
as an algebra by 5(0) © 5(1), then S ^ B{V). 

Proof. As 5 is generated as an algebra by 5(0) © 5(1), the canonical projection T(y) 
B{V) = T{V)/I{V) induces a surjective morphism vr : 5 -» B{V) of graded braided Hopf 
algebras; we can consider 5 = T{V)/I, for some graded braided Hopf ideal I of T{V), 
generated by homogeneous elements of degree > 2, / C I{V). 

Suppose that I{V) ^ I. Then at least one of the generators of I{V) from Theorem 
13.11 does not belong to /. We can assume that x € I{V) \ / is one of these generators, of 
minimal degree k. Then x is primitive in 5 by Lemma l3.2i 

By Proposition 14.11 and Lemmata 14.2114.91 we deduce that x = x^" for some a € O, 
or a simple root a = Oi such that i is not a Cartan vertex, or a = + aj, such that 
Na = 2, qa = qjj = qijQji = —1. If 9a G L, Xa G T are the associated elements, we have 
that qa = Xaida), which is a root of unity of order N^. Therefore g^" € L and Xa" ^ ^ 
are the associated elements to x, and 

C(x © x) = • X (g) X = Xa" iaa") X © X = X © X, 

so X generates in 5 an infinite-dimensional braided Hopf subalgebra, and we obtain a 
contradiction. In consequence, S = B{V). □ 

Remark 4.11. Note that we just use the fact that the braiding is diagonal, so we can 
generalize this Theorem to a general braided Hopf algebra R in ^yD, where H is a 
finite-dimensional Hopf algebra which acts diagonally over i?(l). 

The following Theorem answers positively Conjecture [T] in the case that the group of 
group-like elements is abelian. It extends |AS41 Thm. 5.5]. 

Theorem 4.12. Let H be a finite- dimensional pointed Hopf algebra over an abelian group 
r. Then H is generated by its group-like and skew-primitive elements. 

Proof. Let gx H = R^hT, V = R{1). Then H is generated by its group-like and skew- 
primitive elements if and only if gr H satisfies this condition, which is equivalent to the 
fact that R is the Nichols algebra B{V). Let 5 be the graded dual R* in the category 
QyD, which is generated as an algebra by 5(1) = V*. By |AS3t Lemma 2.3] it is enough 
to prove that 5 is the Nichols algebra B{V*), which follows by Theorem 14.101 □ 
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Abstract. We give an explicit and essentially minimal list of defining relations of a 
Nichols algebra of diagonal type with finite root system. This list contains the well- 
known quantum Serre relations but also many new variations. A conjecture by An- 
' druskicwitsch and Schneider states that any finite-dimensional pointed Hopf algebra 

over an algebraically closed field of characteristic zero is generated as an algebra by its 
^ . group-like and skew-primitive elements. As an application of our main result, we prove 

O ' the conjecture when the group of group-like elements is abelian. 



O: 



X 



Introduction 



1. Let k be an algebraically closed field fo characteristic zero and let be a natural 
number. Let q = {<lij)i<i,j<e be a matrix with invertible entries on k and let F be a 
vector space of dimension 6. The Nichols algebra associated to q is a graded connected 
^ ! algebra BiV) = ©n>0'S'^(F) with many favourable properties. It plays a fundamental 
role in the classification of finite-dimensional (or finite growth) pointed Hopf algebras. 
Precisely, a basic question in the classification Program jASlj is the following: 

\ Question 1. |Anl Question 5.9].' Given (T^, q), determine if the associated Nichols algebra 

OO ' Biy) is finite- dimensional. In such case, compute the dimension of Biy) and give a 

\ presentation by generators and relations. 

■ The first part of this question has been answered by Heckenberger |H3j . who obtained 

'sj" , the list of all matrices q whose associated Nichols algebra has a finite root system. Roughly, 

' this list contains three classes of matrices: 

• Standard matrices |AAj : they are associated with finite Weyl groups. Their root 
systems coincide with root systems of finite Cartan matrices. This family includes 
properly the so-called braidings of Cartan type, in particular the matrices related 
with the positive part of the small quantum groups. 

. • Matrices of super type |AAY| . related with the positive part of quantized envelop- 

ing algebras of contragradient Lie superalgebras. Their root systems become from 
the corresponding Lie superalgebras. 

• A finite list of exceptional matrices, whose associated diagram has connected com- 
ponents with at most 7 vertices, and the scalars defining these braidings are roots 
of unity of low order. 

There are several answers to the second part of Question [J under particular assumptions: 

> [L] for the positive part of quantized enveloping algebras of semisimple Lie algebras 
and small quantum groups, using the full representation theory of quantum groups; 

> |AS2| for braidings of Cartan type; 

> |Alj for braidings of standard type; 

> |Y] for the positive part of quantized enveloping algebras of contragradient Lie 
superalgebras; 
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l> |AAY| for braidings of super type; 

> |H1| . giving a general form of relations for matrices of rank two; 

t> |Hej for some examples of rank two matrices, but giving explicit relations. 
In |A2j we gave general formulae for defining relations of Nichols algebras of diagonal 
type, see Theorem 11.251 below. The expression of those relations and the proof that they 
generate the defining ideal are independent of Heckenberger's classification; they rely in 
Kharchenko's and Rosso's PBW bases \Kh.\ IR] and a detailed study of convex orders in 
generalized root systems |A2j . through the classification of coideal subalgebras |HSj . In 
this paper we refine the main result of |A2j and prove: 

Theorem 1. A minimal set of relations of B{V) is obtained by considering relations of 
the following type: 

(1) Quantum Serre relations, and powers of generators Xi corresponding to non-Cartan 
vertices; they are needed to introduce Lusztig 's isomorphisms at the level of doubles 
of tensor algebras. 

(2) Relations in the image of the previous ones by the Lusztig 's isomorphisms, and 
correspond to relations (123^ in Theorem \1.25[ 

(3) Relations that guarantee that the ideal generated by the previous relations is a 
braided biideal: they appear in the coproduct of relations of the item (2) in the 
tensor algebra T{V). 

(4) Powers of root vectors ( generators of the PB W basis ) corresponding to roots in the 
orbit of Cartan vertices. 

See Theorem 13. II for a complete and explicit set of relations. In this set we distinguish 
relations appearing in |A2j for standard braidings, and relations in |Y] related with braid- 
ings of super type. There exists also a large list of new relations, related with the set of 
exceptional braidings or with braidings of super type evaluated in roots of unity of small 
order. 

2. The knowledge of the explicit relations of a Nichols algebra has several potential ap- 
plications to the theory of pointed Hopf algebras, that we discuss now: 

• One of the basic question in the Lifting Method [ASH IAS3j for the classification 
of Hopf algebras is the following: 

Conjecture 1. |AS2l Conjecture 1.4] LetV be a finite group andh an algebraically closed 
field of characteristic 0. If H is a finite- dimensional pointed Hopf algebra over k such that 
G{H) = T, then H is generated as an algebra by T and its skew-primitive elements. 

This question was answered in |AS4j for braidings of Cartan type under some mild con- 
ditions. This result was extended to the case of standard braidings in |AGIj . In Section |4] 
we obtain as a consequence of Theorem 13.11 

Theorem 2. Let H be a finite dimensional pointed Hopf algebra over an abelian group T. 
Then H is generated as an algebra by T and its skew primitive elements. 

That is, we answer positively Conjecture [U in a general context: when G{H) is any 
abelian group. This Theorem is also applied to the known cases of finite-dimensional 
Nichols algebras over non-abelian groups 

• Another crucial step of the Lifting Method is to obtain all deformations of the 
pointed Hopf algebras Biy)^\<iT] that is, all the pointed Hopf algebras such that 
their associated coradically graded algebras are isomorphic to Biy)4f\^T. 

This problem was solved for T abelian in |AS4j - under the restriction that the order is 
not divisible by 2,3,5,7. We believe that the explicit presentation in this paper would be 
substancial to solve the question for any abelian group. 
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• The explicit relations would be also useful in the study of various elements in the 
representation theory of pointed Hopf algebras. In this direction, the theory of 
Nichols algebras of diagonal type provides an uniform approach to the study of 
quantum groups and quantum supergroups. 

3. The plan of this paper is the following. We introduce the notion of Nichols algebras in 
Section [TJ We give a PBW basis of any Nichols algebra and some properties of this basis 
following [Khl [R] . Next we recall the notions of Weyl groupoid and its associated root 
system following |CH21 IHSj , and make a connection with the theory of Nichols algebras 
of diagonal type. We present the needed material from jA2j . in particular Theorem 11.251 
a key result for our purposes. 

Section [2] is devoted to Lusztig's isomorphisms in the general context of braidings of 
diagonal type |H4j . extending analogous isomorphisms from [L]. 

In Section [3] we give the mentioned presentation by generators and relations, based in 
the classification of braidings of diagonal type with finite root system |H3j . The strategy of 
proof consists first to define Lusztig isomorphisms for the Drinfeld doubles of the braided 
Hopf algebras C/"*" obtained by quotient by the relations in Theorem [H except the group 
in (4). This quotient is analogous to the algebra U^{q); the Drinfeld double Ug(0) of the 
Nichols algebra is a quotient of the previous algebra, as it was considered by Lusztig and 
Andruskiewitsch-Schneider. We denote these two algebras by f/"*" and u"*", respectively, so 
u"*" = B{V). The existence of the Lusztig's isomorphisms prove that the PBW generators 
corresponding to the algebras and their quotients are the same, but the heigths of 
some generators are not the order of the associated scalar in U~^. Therefore we obtain u+ 
after to quotient C/"*" by some powers of root vectors as in (4). 

Theorem 13.11 extends the presentation obtained in |Alj for standard braidings, and in 
[AAYj for braidings of super type, and gives a new proof in the case of braidings of Cartan 
type, in particular quantized enveloping algebras Uq{g) and small quantum groups Uq{g). 

Finally, Section [5] is devoted to the proof of Theorem [2j We prove first that any finite 
dimensional braided graded Hopf algebra of diagonal type 

S = (Bn>oSn, So = kl, 5i = V, 

generated as an algebra by V is isomorphic to the Nichols algebra 13{V); this result extends 
|AS41 Thm. 5.5], jAGH Thm. 2.5], but the proof follows the same scheme. 

Acknowledges. This work is part of the author's PhD Thesis. I want to thank specially 
to my advisor Nicolas Andruskiewitsch for his inspiring guidance, patience and supervision 
during these years. I want to thank also to my family for all their support, and to Antonela 
for all her love. 

1. Preliminaries 

In this Section we recall results from different works needed in the sequel. First we 
consider the existence of PBW bases for Nichols algebras of diagonal type \Kh\ [R] , and 
the rich combinatoric related to them. Next we recall the definitions of Weyl groupoid, 
the associated root systems and some properties thereof |HS1 IHY] . We close this Section 
stating a general presentation of Nichols algebras coming from |A2j . 

1.1. Lyndon words and PBW bases for Nichols algebras of diagonal type. To 

begin with, we recall the definition of a Nichols algebras and show a characterization in 
the case of a diagonal braiding. 
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Definition 1.1. |AS3] Given V £^ yD, the tensor algebra T{V) admits a unique struc- 
ture of graded braided Hopf algebra in such that V C V{V). Consider the family 6 
of all the homogeneous Hopf ideals of / C T{V) such that 

• I is generated by homogeneous elements of degree > 2, 

• J is a Yetter-Drinfeld submodule of T{V). 

The Nichols algebra B{V) associated to V is the quotient of T{V) by the biggest ideal 
I{V) of 6. 

Let {V, c) be a braided vector space of diagonal type such that qij = qji for any Let 
r = Z^, and ai, . . . ,ag be the canonical basis. We set the characters Xi^ ■ ■ ■ iXe of T given 

by Xj{ai) = qij, 1 < hj < G- 

Consider y as a Yetter-Drinfeld module over kP such that Xj G ■ In this context we 
can characterize the Nichols algebra as a quotient that admits a certain non-degenerate 
bilinear form. 

Proposition 1.2. (L[ Prop. 1.2.3], |AS31 Prop. 2.10] There exists a unique bilinear form 
(•!•): T{V) X T{V) k such that (1|1) = 1, and: 



(1) ixi\xj) = 6ij, for any ij; 

(2) {x\yy') = {xi\y){x2\y'), for any x,y,y' e T{V); 

(3) ixx'\y) = {x\yi){x'\y2), for any x, x' ,y e T{V). 

This is a symmetric form, for which we have: 

(4) {x\y) = 0, for any x G T{V)g, y G T{V)h, g,heT, g^h. 



The radical of this form {x € T{V) : {x\y) =0, Vy € T(y)} coincides with I{V), so (-I-) 
induces a non- degenerate bilinear form on B{V) = T{V)/I{V), denoted also by {■]■). □ 

Therefore I{V) is a Z^-homogeneous ideal, and then B{V) is Z^-graded. 

Let A be an algebra, P,ScA and /i : 5 i— >• N U {oo}. We fix a linear order < on S. 
B{P, S,<,h) will denote the set 

{psl\..sp :t eNo, si>--->st, Si G 5, < et < h{si), peP}. 

If B{P,S,<,h) is a k-linear basis, we say that {P, S, <,h) is a set of PBW generators^ 
whose height is /i, and B{P, S, <, h) is a PBW basis of A. 

We will describe a particular PBW basis for any graded braided Hopf algebra B = 
(BugnB^ generated hy B^ = V as an algebra, where V is a braided vector space; we will 
follow the results in |Khj . 

Fix G N, and a set X = {xi, . . . Let X be the set of words with letters in X 

and consider the lexicographical order on X. 

Definition 1.3. An element n G X, u ^ 1 is a Lyndon word if for any decomposition 
u = vw, f,wGX — {l},we have u < w. We will denote the set of all Lyndon words by L. 

Remark 1.4. • Each Lyndon word begin with its smaller letter. 

• Each li G X — X is a Lyndon word if and only if for each decomposition u = uiU2 
with til, n2 G X \ 1, we have uiU2 = u < U2Ui. 

• If til, n2 G L and ui < U2, then uiU2 G L. 
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A basic Lyndon's result says that any word « G X admits a unique decomposition as 
non-increasing product of Lyndon words: 

(5) u = I1I2 . . .Ir, li ^ L,lr < ■ ■ ■ < h- 

It is called the Lyndon decomposition of u G X, and the Zj G L in ([5]) are called the Lyndon 
letters of u. 

Another characterization of Lyndon words is the following: 

Lemma 1.5. [Kh^ p. 6] Let n € X — X. Then u ^ L if and only if there exist ui,U2 G L 
such that ui < U2 and u = uiU2- □ 

Definition 1.6. For each u G L — X, the Shirshov decomposition of u is the decomposition 
u = U1U2, ui,U2 G L, such that U2 is the smallest end of u between all the possible 
decompositions with these conditions. 

Given a finite-dimensional vector space V, fix a basis X = {xi, . . . ,xq} de V; we can 
identify kX with T(y). In what follows we consider two graduations for the algebra T(V): 
the usual No-graduation T{V) = ©„>oT"^(l/), and Z^-graduation of T{V), determined by 
the condition degXi = oti, 1 < i < 0, where {ai, . . . ,00} is the canonical basis of Z^. 

Consider a braiding c for V. The braided bracket of x, y G T{V) is defined by 

(6) [x, y]c := multiplication o (id — c) (x (g) y) . 

Assume that (V, c) is of diagonal type, and let x : x by the bicharacter 

determined by the condition 

(7) xioiii<^j) = Qijj for each pair I < i, j < 0. 
Then, for each pair of Z^-homogeneous elements u, w G X, 

(8) c{u IE) v) = Qu^^v IE) u, = x(degn,degt;) G k^. 

In such case, the braided vector satisfies a "braided Jacobi identity" and determines skew- 
derivations as follows: 

(9) [[u, v]^ , w]^ = [u, [v, - x(a, P)v [u, w]^ + x{f3, 7) [1^, Mc 

(10) [u,v w]^=[u,v]^w + x{a,P)v [u,w]^, 

(11) [u v,w]^ = x{(3,l)[u,w]^ V + u [v,w]^, 

where u,v,w G T{V) are homogeneous of degree a,/3,7 G N^, respectively. 

Using the previous decompositions, we can define the k-linear endormorphism [— ]^ of 
kX as follows: 

u, if li = 1 or li G X; 

[Mc ' MJc) if li G L, £{u) > 1, u = vw is the Shirshov decomposition; 
[ui]^ . . . [ut\^ , if u G X — L and its Lyndon decomposition \s u = ui . . .ut. 

Definition 1.7. The hyperletter corresponding to Z G L is [l]^. An hyperword is a 
word whose letters are hyperletters, and a monotone hyperword is an hyperword W = 
[ui]^^ . . . [umlc™ ^^^1^ that Ml > • • • > Urn- 
Remark 1.8. For any u L, [u]^ is a Z [gjj]-linear combination of words with the same 



Z^-graduation than u, such that [u]^ G u -|- k] 

Theorem 1.9. [Rl Thm. 10] Let u,u & L, u < v. Then [[u]^,[v]^]^ is a Z [qij]-linear 
combination of monotone hyperwords [li]^ . . . [Ir]^! h G L, such that the corresponding 
hyperletters satisfy v > li > uv . Moreover, [uv]^ appears in such combination with non- 
zero coefficient and each hyperword has the same -graduation than uv. □ 
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The comultiplication of hyperwords in T(y) has a nice expression, as we can see in the 
following result. 

Lemma 1.10. [Rl Thm.l3] Let ui, . . . , Ur,v € L, whit v < Ur < • • • < ui. Then, 

i=0 ^ ^ 1v,v 

+ E 4f...,.,^['i]c---[yc[<; 

0<j<m 

Where xf^ is -homogeneous, and deg{x^-'^^ + deg(/i . . . /pt;-') = deg(n). □ 

Another useful result from [Rj is the following one. 
Lemma 1.11. For each I ^ L let Wi he the subspace ofT{V) generated by 

(12) [h]c[l2]c---[lk]c, keNo,heL,h> ...>k>l. 

Then Wi is a left coideal subalgebra ofT{V). □ 



We consider another order in X as in [U]; it was implicitly used in |Khj . Let u,v € X. 
We say that u y v if i{u) < i{v), or £{u) = £{v) and u > v for the lexicographical order. 
This order >- is total, and it is called the deg-lex order. 

The empty word 1 is the maximal element for )- , and this order is invariant by left and 
right multiplication. 

Let / be an ideal of TiV), and R = T{V)/I. Let vr : T(y) R he the canonical 
projection. We set: 

Gi := {ueX:u^ kX^„ + 1} . 

Note that if n € G/ and u = vw, then v,w € Gj. Therefore each n S G/ is a non-increasing 
product of Lyndon words of Gj. 

Proposition 1.12. [Khl |R] The set7r{Gi) is a basis of R. □ 

In what follows / will denote a Hopf ideal. Consider the set Sj := Gj PI L. Define 
/i/ : 5"/ — )• {2, 3, . . . } U {oo} according to the following condition: 

(13) hj(u) := min 

We recall the following result and its corollaries following |Khj . 

Theorem 1.13. B'j := B {{1 + 1} ,[Si]^ + I,<,hj) is a PBW basis ofH = T{V)/I. □ 

Corollary 1.14. A wordu belongs to Gj if and only if the corresponding hyperletter [u]^ is 
not a linear combination, modulo I, of greater hyperwords [w]^, w y u, whose hyperletters 
are in Sj. □ 

Corollary 1.15. IfvGSj is such that hj{v) < oo, then q^^y is a root of unity. Moreover, 
if Old Qy^y = h, then hi{v) = h, and [v]^ is a linear combination of hyperwords [w]^, 
w y v^. □ 
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1.2. Weyl groupoids and root systems. We follow the notation in |CHlj . Fix a non- 
empty set X, and a finite set /. For each i G / we fix a bijective function : X ^ X, and 
for each X G X a generalized Cartan matrix = {a^)ij^i. 

Definition 1.16. [HYIICHT] The 4-uple C := C{I, X, (ri)ie/, iA^)xex) is a Cartan scheme 
if it holds: 

• for any i £ I, rf = id, and 

• for any X G X and any pair i,j £ I: afj = a^f'^^- 

For each z € / and each X € X we denote by sf the automorphism of given by 

sf{aj) = aj — afjUi, j G /. 

The Weyl groupoid of C is the groupoid W{C) whose set of objects is X and whose mor- 
phisms are generated by sf, considered as elements sf G Hom(X, ri(X)), i £ I, X £ X. 

In general we denote W{C) simply by W, and for each X £ X: 

(14) Hom(W, X) := Uy^X Hom(y, X), 

(15) ''^ := {w{ai) : i £ I, w £ Rom{W,X)}. 

re -g ^j^g q£ j.g^^ roots of X. Each G Hom(VV,Xi) is written as a product 
s^^s^^ • • • sj^", where Xj = ri._^-^ ■ ■ ■ rj^(Xi), i>2. We denote it by -u; = idxi • • • Si™: 
it means that w £ Hom(W,Xi), because each Xj G X is univocally determined by this 
condition. The length of w is defined by 

(.{w) = min{n G Nq : 3ii, . . . ,in £ I tales que w = idx Sii • • • Sj„}. 
We assume that W is connnected: that is, Hom(y, X) ^ 0, for any pair X,Y £X. 

Definition 1.17. jHYl ICHlj Given a Cartan scheme C, consider for each X G X a set 
C iJ . We say that 7^ := 7^(C, (A^)jcg^) is a rooi sysiem o/ type C if 

(1) for any X £ X, A''^ = (A^ n N^) U -(A^ n N^), 

(2) for any z G / and any X G X, A^ n Zq^ = {±ai}, 

(3) for any i G / and any X £ X, sf{A^) = A^«(^), 

(4) if mfj := |A^ n (Noa^ + Noaj)|, then (rjrj)'"^ (X) = (X) for any pair i ^ j £ I 
and any X G X. 

A^ := A"^ C Nq is called the set of positive roots, and A^ := — A^ is the set of negative 
roots. 

Remark 1.18. From (2) and (3) we deduce that A^ C A^^, for any X G X. 
For each positive root a = 'Ylii'f^i'^i-, the support of a is the set 

supp a := {i : 1 < i < ^, 7^ 0}. 

By (3) we have that w{A^) = AX for any w £ Hom(y, X). We say that TZ is finite if 
A'''" is finite for some X G X. By |CHH Lemma 2.11], it is equivalent to the fact that all 
the sets A^ are finite, X G X, and also that W is finite. Moreover, for any pair i ^ j £ I 
and any X G X, we have that kai + a,- G A"^ if and only if < A; < —a-^-. Therefore, 

(16) (^fj=~ max{A; G Nq : kai + aj G A^}. 

A fundamental result involving root systems is the following one: 

Theorem 1.19. [CH2l Thm. 2.10] For every a £ Af \ {ai : i = 1, . . . 9}, there exist 
/3, 7 G A'^ such that a = /3 + 7. □ 

We give now some results about real roots and the length of elements. 



wsj) = m — 1 if and only if w{aj) € . □ 
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Lemma 1.20. jHY[ Cor. 3] Let m £ N, X,Y e X, ii, . . . , im,j £ I, w = idx Si^ ■ ■ ■ Si^ G 
Hom(y, X), where i{w) = m. Then, 

{wSj) = 771+1 if and only if w{aj) € A^, 
Sj) = m — 1 if and only if w{aj 

Proposition 1.21. |CHH Prop. 2.12] For any w = idx Sii • • • G W such that £{w) = 
m, the roots fij = Si^ - ■ ■ Si._-^{ai.) G A"'^ are positive and all different. If TZ is finite and 
w is an element of maximal length, then {/3j} = A^. Therefore all the roots are different: 
that is, for each a G A^^ there exist ii, . . . , i^, j G / such that a = Si^ - ■ ■ Si^{xj). □ 

Call A^ the set of de grees of a PBW basis of B{V), counted with their multiphcities, 
as in |H2j . It does not depend on the PBW basis, see |H21 lAAj . We can attach a Cartan 
scheme C, a Weyl groupoid W and a root system TZ, see |HSl Thms. 6.2, 6.9]. To do this, 
define for each 1 < i ^ j < 6, 

(17) - Oij := min{n G No : (n + l)g,,(l - q^j) = 0} , 

and set = 2, Sj G Aut(Z^) such that Si{aj) = aj — aijOi. 

Set Qrs = x{si{oir), Si{as))- Let Vi be another vector space of dimension 6, and attach 
to it the matrix q = (qrs)- By |H2j . 

A^' = s, {Al \ {ai}) U {ai}. 

If we consider A^ = U (— A^f^), last equation lets us to define the Weyl groupoid of V, 
whose root system is defined by the sets A^' , V' obtained after to apply some refiections 
to the matrix of V. 

1.3. Defining relations of Nichols algebras of diagonal type. 

Proposition 1.22. |A21 Prop. 3.1] Assume that the braiding matrix is symmetric. Then 
a PBW basis of Lyndon hyperwords of B{V) is orthogonal with respect to the bilinear form 
in Proposition \l.^ □ 

Corollary 1.23. [H Cor. 3.2] If u = x^*^ • • • xf^, where < nj < Np^, then 

M 

(18) Cu := {u\u) = W rijlq^^c^l^ / 0. 

□ 

Remark 1.24. Notice that: 

{xp^Xp^\u) = (x^JU(i))(x;3ju(2)) = dijC^pC:,^^, 

where dij is the coefficient x^. ^Xj^. for the expression of A[u) in terms of the PBW basis 
(both factors of the tensor product). 

For each pair 1 < i < j < 9, we denote 

that is, the set of hyperwords whose hyperletters are between X/j. and x^^. 

Let {W,d) be a braided vector space of diagonal type that admits a basis xi, . . . ,X6i 
such that, for some qij G k^, d{xi (8) xj) = QijXj (g) Xj, where qij = qji , and {V,c), {W,d) 
are twist equivalent: 

Qij = QijQji, Qii = <iii, 1 < « / i < 0- 
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Call Xfs = [li3]d, the hyperletter corresponding to for the briading d. If 
call also 

^ — ^^"M . . . I^ni 

CI ^ O JiJ Q , 

PM Pi 

Let o" : X ^ be the bicharacter determined by the condition 



riA/ m 



(19) <y{9i,9j) 



qijqij\ i<j 
1, i>j 



Define ta^ = 1 for any 1 < i < 9, and inductively, 
For each u = x^^J • • • call 

(20) /(n):= n n ^{l^^^l^iP^it- 

l<i<j<M l<i<M 

Finally, for each pair 1 < i < j < and u = xV"' ■ ■ ■ x^^ , let 



(21) cl 



f{u) (£ft£ff.|S) 



where (•!•) is the bilinear form corresponding to {W,d), and cq is the scalar in Corollary 
11.231 Such scalars let us to give a presentation by generators and relations as follows. 

Theorem 1.25. |A21 Thm. 3.9] Let {V,c) be a finite-dimensional braided vector space of 
diagonal type such that is finite. Let xi, - ■ ■ ,xe be a basis ofV such that c{xi ®Xj) = 
where (qij) G (k^)^^^ is the braiding matrix, and let {Xj3^.}i^^^/^v be the set of 
hyperletters corresponding to the fixed order of the basis of V. 
Then B{V) is presented by generators xi, . . . , xg, and relations 

(22) x^' =0, /3 e A^, ordiqp) = < oo, 



(23) [xft,x;3,],= 



u£Bij-{xp.Xis.}: degit=ft+/3j 



where cfj are as in ([2T]) . Moreover, {x^^^ ■ ■ • x^^ : < Uj < Nf^.} is a basis of B{V). □ 



2. LuszTiG Isomorphisms of Nichols algebras of diagonal type 

In this Section we recall the Lusztig isomorphisms |H4j of Nichols algebras of diagonal 
type, which are a generalization of the isomorphisms of quantized enveloping algebras in 
[L] . We shall consider different quotients of the tensor algebra of a braided vector space 
of diagonal type and the Drinfeld doubles of their bosonizations by a free abelian group. 

Notation: Let x : x — ^ be a bicharacter, q^j = x(cki, aj). Then and 
will denote the bicharacters: 

X°P(a,/3) :=x(/3,«), x'^a, (3) := x{a, f3)-\ a,f3eZ'. 

Also, for any automorphism s : — )■ Z^, s*x will denote the bicharacter defined by 

(24) {s*x){a,P)-=x{s'Ha),s-\p)), a,/3GZ^ 
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Let (V,c) a braided vector space of diagonal type, whose braiding matrix is (qij). We 
consider T{V) as an algebra in the category of Yetter-Drinfeld modules over kZ^ as above. 
We follow the results in |H41 Section 4.1]. 

Definition 2.1. The Drinfeld double U{x) of the Hopf algebra T(V)#kZ^ is the algebra 
generated by elements Ei, Fi, Kf, Lf, 1 < i < 6, and relations 

XY = YX, X,Y £{Kf,Lf -.IKiKO}, 

KiK-' = L,LT^ = I, 

KiEjK-'^ = qijEj, LiEjLT^ = qJi^Ej, 

KiFjK-' = qr^F„ L,F,Lr^ = q,,F„ 

EiFj — FjEi = ^i,j{Ki — Li). 

It admits a Hopf algebra structure, where the comultiplication satisfies 

A{Ki) = Ki(g)Ki, A{Ei) = Ei ^ I + Ki (g) Ei, 

A{Li) = L,®Li, A{Fi) = Fi (g Li + 1 (g Ei, 

and then e{Ki) = e{Li) = 1, e{Ei) = e{Fi) = 0. 

Notice that hl{x) is a Z^-graded Hopf algebra, where the graduation is characterized 
by the following conditions: 

deg{Ki) = deg(Li) = 0, deg{Ei) = Oi, deg(Fi) = -a^. 

^^ix) (respectively, ZY~(x)) denotes the subalgebra generated by Ei (respectively, Fi), 
1 < i < 6, U~^0{x) (respectively, U~0{x)) is the subalgebra generated by Ki (respectively, 
Li), 1 < i < 9, and finally lA^ix) is the subalgebra generated by Ki and Lj. Note that 
ti^{x) is isomorphic to kZ^^ as Hopf algebras. Moreover, the subalgebra generated by 
U~^{x) and Ki, 1 <i <9,\s isomorphic to T{V)#k.'Z^ , so U~^{x) is isomorphic to T{V) as 
braided graded Hopf algebras in the category of Yetter-Drinfeld modules over kZ^, where 
we consider the actions and coactions: 

Ki-Ei=qijEi, S{E,) = Ki(gEi. 



We will consider a family of useful isomorphisms as in |H41 Section 4.1]. 

Proposition 2.2. (a) For any a = (oi, . . . ,051) € (k^)^ there exists a unique algebra 
automorphism ipa ofU{x) such that 

(25) ipaiKi) = Ki, ipa{Li) = Li, ipaiEi) = aiEi, ipa{Fi) = a~^Fi. 

(b) There exists a unique algebra automorphism 0i ofU{x) such that 

(26) MK^) = K-\ MLi) = L-\ MEi) = F,Lr\ ^Fi) = K-^E,. 

(c) There exists a unique algebra isomorphism 02 '-U^x) -^lA{x~^) such that 

(27) (t>2{Ki) = Ki, (t>2{Li) = L„ MEi) = Fi, ^Fi) = -E^. 

(d) There exists a unique Hopf algebra isomorphism (j)-^ : lA{x) ~^ U{x°^)'^°^ such that 

(28) (|)3{K^) = Li, cl)3iLi) = Ki, <i)3{Ei) = F„ MF^) = Ei. 

(e) There exists a unique algebra antiautomorphism 04 de U{x) such that 

(29) MK^) = K„ MLt) = Li, ^i{Ei) = Fi, ^^Fi) = Ei. 

(f) Let a = (—1, ■ ■ ■ , —1). The antipode S ofU{x) is given by the composition S = 
0104^^0 • Also, 04 = id. □ 
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As in |H4] we will consider some skew-derivations. A will denote the braided comul- 
tiplication of V(~^{x), which is N-graded: if £' G l^^ix) is homogeneous of degree n, and 
G {0, 1, . . . , n}, A„_fc ki^) '^ill denote the component of A(£') in U^{x)n-k ® ^~^{x)k- 

Proposition 2.3. For any i G {!,..., 0} there exist linear endomorphisms 9/^, df' of 
V(~^{x} such that 

EFi - FiE = df{E)Ki - Lidf{E) for all E G U+{x)- 

Such endomorphisms are given by: 

e e 

An^iAE) = J29f(.E) E,, A,^^_,{E) = Y,Ei0 d[{E), E G U+U)n, 

1=1 1=1 

and satisfy the following conditions: 

9f (1) = (1) = 0, 

df{E,) = dHE,) = 6ij, 
dfiEE') = df{E){K, . E') + Edf{E'), 
dtiEE') = dt{E)E' + (Lri • E)dt{E'), 
for all j G {1, . . . , 9}, and all pair of elements E, E' G U'^{x)- D 

We recall now a characterization of quotients of the algebra h{{x) with a triangular 
decomposition [H4^ Section 4.1]. According to |H41 Prop. 4.14], the multiplication 

(30) m:U+{x)®U\x)(^l^~U)^i^{x) 
is an isomorphism of Z^-graded vector spaces. 

Proposition 2.4. Let Z+ C Hkere (respectively, Z~ C nkerej be an ideal of 
U'^{x) (respectively, U~{x))- The following conditions are equivalent: 

• The multiplication (130p induces an isomorphism 

m : U+{x)/T+ ®U\x)(^U~{x)/l- ^ U{x)/{T+ 

• The vector spaces X'^U^ {x)U~ (x) y {x)U^ {x)T~ are ideals ofU{x)- 

• For all X G U^{x) and a// i G {1, . . . , 6} we have 

X.X+CX+, af(Z+)cZ+, {MI')) Cl<t>A{T-), 

x-i-di-, 81^(1+) ci+, dl^iMi'))cMi-)- 

□ 

Lemma 2.5. |H41 Cor. 4.20] Let be an braided biideal ofL(^{x), which is also a 
Yetter-Drinfeld lA^{x)-submodule and satisfies L~^ C ©n>2Z^'^(x)n- Then L^l{^(x)K~ (x) 
is a Hopf ideal ofU{x)- □ 

We will assume that all the integers — ajj of (jl7p associated with the braiding matrices 
{qij) are defined. Then we consider the automorphisms Sp^^ : — >■ Z^. We define also the 
scalars 

(31) Ai(x) := (-api)gpp H ilpplpiUp - ^ ^ ^ P- 

s=0 

Denote by E_i, F_i, I£i, Li the generators corresponding to ^(s*x), and by q^. = s*x(Q;j, Oj) 
the coefficients of the braiding matrix corresponding to SpX- 
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Definition 2.6. We say that p G {1, . . . ,9} is a Cartan vertex if it satisfies 

Qpp" QpjQjP = 1' for every j / p. 
In such case, note that the existence of the integers nipj imphes that ord > nipj + 1. 

We denote by 0{x) the union of the orbits of the simple roots Op by the action of the 
Weyl groupoid, where p is a Cartan vertex. 



Fix p € {1, . . . , 0}. For any i ^ p we define as in |H4I 
and recursively, 



R"*" E~ — E- F"*" F~ — F- 
i,0(p) ' 4,0(p) -^i,0(p)'-^i,0(p) 



^P^tm{p) ~ ■ Kmip))^P = {^<^cEp)'^^^Ei, 

^P^i,m{p) ~ ' ^i,m{p)^^P' 

^P^tm{p) ~ ■ ^i^m{p)^^P' 

^P'^i,m{p) ^-^P '^i^m(j))^'^P' 



(32) 

^^^) ^i,m+l{p) 
^i,m-\-l(p) 
'^j,m+l(p) 

When p is explicit, we simply denote E^^^p-^ by Ef^. By |H4I Cor. 5.4] the following 
identity holds for any m G Nq: 

(36) E^^F, - F,E+^ = {m),Jq^p-\pmp - l)LpE+^_,. 

Fix a braided graded Hopf algebra B = T{V)/I, where / is a graded Hopf ideal 
generated by homogeneous elements of degree > 2. For each 1 < j < 9, p ^ j, we define 

(37) M±.(^) := {Ef^^ : m G No} . 
In what follows we consider ord(l) = 1. 

Remark 2.7. If xf = in ;B, with minimal (it is called the nilpotency order of Xi), then 
qu is a root of unity of order A^. Moreover, [adcXi)^ Xj = 0. 

We recall a result from |Alj extending |H21 Prop. 1, Eqn. (18)]. 

Lemma 2.8. For eachp G {1, . . . , 9}, let B±p be the subalgebra generated by \Jj-^pM^-{B), 
and denote rip = ord(gpp). There exist isomorphisms of graded vector spaces: 

• ker(5^) ^ ^+p ® k [Ep"] , ker(9^) ^ S_p ® k [Ep^] , if 1< ord(gpp) < oo but Ep 
is not nilpotent, or 

• keT:{dp) = B+p, k.eT{dp) = B^p, ifovd{qpp) is the nilpotency order of Ep orqpp = 1. 
Moreover, the multiplication induces an isomorphism of graded vector spaces B = Bp (8) 

k[Xp]. □ 

Set A'p = ord (7pp. We call, following [H4] . Ip{x) (respectively, Zp{x)) to the ideal of 
^^(x) (respectively, U~{x)) generated by 

(a) Ep'' (respectively, F^^), if p is not a Cartan vertex, 

(b) -Ej^mpi+i (respectively, F^^^_^-^^), for each i such that A'p > nipi + 1. 

Notice that Ef^^,j^-^ G 2j^(x) foi^ ^'^Y ^ such that A'p = nipi + 1. We denote: 

Upix) ■.= u{x)/ (Xp+(x) +Xp-(x)) , u;{x) ■.= u+ix)/i^ix), Up{x) ■.= u-[x)/^p{x). 
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/+(x) will denote the ideal ofU~^{x) such that the quotient l^^ (x) / ix) is isomorphic 
to the Nichols algebra of V; that is, the greatest braided Hopf ideal of U^{x) generated 
by elements of degree > 2. Call I~{x) = 4'4:{I~^ ix)) ^ where (pi is defined by (p9]) . and 

u±(x) ■.= U^{x)/I^{x), u(x) ■.= U{x)/{I^{x) + I^{x))- 

In such case, u(x) is the Drinfeld double of the algebra u^(x)#kZ^, where kZ^ = U'^^{x)- 
The Lusztig isomorphisms can be defined in this general context. 

Theorem 2.9. |H4l Lemma 6.5, Theorem 6.12] There exist algebra morphisms 

(38) Tp,T- :Up{x)^Up{s;x) 
univocally determined by the following conditions: 

Tp{Kp) = r-(Ap) = K~\ Tp{K,) = T~{K,) = K'^^'K,, 

Tp{Lp) = Tp (Lp) = Lp-^, Tp{Li) = Tp {Li) = Lp '"Lj 

Tp{Ep) = FpLp^, Tp{Ei) = Ef^^^,, 

Tp{Fp) = Kp^Ep, Tp{F,) = \{slx)-'Flm,^. 

Tp{Ep) = K-'Fp, T-{Ei) = \{slx~\^E-^^,, 

Fp {Fp) = EpLp\ Tp {Fi) = F_lrnj,i ■ 

for every i ^ p. Both are isomorphisms satisfying 

TpTp = TpTp = id, Tp{U+p{x)) = U^p{s;x). 

Moreover, there exists A G (k^)^ such that 

(39) Tp o (/)4 = (/)4 o Tp o Lfx. 

Such isomorphisms induce algebra isomorphisms (denoted by the same name): 

Tp,T- ■.u{x)^n{s;x)■ 
\J 

Remark 2.10. If the homogeneous elements X, y S Up{x) are such that Tp{X),Tp{Y) € 
lA^{s*pX), as degrp(X) = Sp(degX), it follows that 

Tp{[X,Y],) = [Tp{X),Tp{y)]^_. 
3. An explicit presentation by generators and RELATIONS OF Nichols 

ALGEBRAS OF DIAGONAL TYPE 

We shall obtain a family of isomorphisms induced by the ones in the previous Section. 
In this case we shall consider a quotient oilA{x) by an ideal which is smaller than {I~{x) + 
I~^{x))- Such ideal will be generated by some of the relations in Theorem 11.251 and will 
be the smallest one such that it is possible to define all the family of isomorphisms over 
the Weyl groupoid. It will give us a relation between the Hilbert series of these algebras, 
and new sets of roots. We shall use at the end the uniqueness of the root system, when 
the Weyl groupoid is finite. 

We introduce some notation. We denote qij — QijQji- Also, 

•^i\i2---ik — (adc Xjj^ ) ' ' ' (adc )xj^ , ij G {1, . . . , 

For each m € N, we define the elements x (rn+i)ai+maj ^ ^(x) recursively: 



if m — 1, X2ai+aj '■— (adc x.j)'^j;j — xnj, 
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We give now the main result of this section, which is Theorem 13.11 it gives an exphcit 
presentation by generators and relations of any Nichols algebra of diagonal type with 
finite root system. We begin by proving several Lemmata to show the existence of Lusztig 
isomorphisms for some Hopf algebras. These Hopf algebras are intermediate between the 
tensor algebra and the Nichols algebras of a given braided vector space. Finally we use 
those Lusztig isomorphisms to prove the Theorem. 

Theorem 3.1. Let {V^c) he a finite- dimensional braided vector space of diagonal type, 
with braiding matrix {qij)i<i,j<e, = dimV , and fix a basis xi,...,xg of V such that 

Let X be the bicharacter associated to (qij). Assume that the root 
system is finite. Then B{V) is presented by generators xi, . . . ,xg and relations: 

(40) x^, aEO(x); 

(41) {ad,x,r'^+'x^, C'^'Vl 

(42) x^\ i is not a Cartan vertex: 

o ifi,j & {1, ... ,6} satisfy qu = qfj = qjj = —1, and there exists k ^ i,j such that / 1 
or qfk^ / I, 

(43) 4; 

o if k e {1,...,9} satisfy qjj = -1, ^ = = I, 

(44) [Xijkj Xj]c i 

o ^/^) J G {!)••• ) 9} satisfy qjj = —1, quqfj G Gg, and also qu G G3 or rriij > 3, 

(45) [Xiij, Xij^^ , 

o if i,j,k G {1,... ,61} satisfy qu = ±qfj & G^, qfk = 1, and also -qjj = qijqjk = I or 
= 5ii = ^ / -1, 

(46) [^^nj'fcj 1 

o ifi,j,k e {I,... ,9} satisfy qfk.qij^qjk 1, 

(47) Xijk J- — V [XikiXj] qiji^ qjk) XjX^f^', 

qkj[^ - qik) 



ifi 


j 


A;G{1,.. 


. , 6} satisfy one 


of the following situations 







qu — qjj - 


~2 

- Qij — Qjk 


^,(Uk = l, or 







lij ~ In^' 


~ 1) Qii — Qjk 


^ e G3, qfk = I, or 







qkk = Qjk 


~ Qjj ~ Qii ~ 


= -qij G G3, qik = 1, or 







Qjj = -1' 


Qij = qli^, qfk = 


-Qu^> qik = '^, or 







qu qjj ~ 


= qkk = ^qij 


= qjk S G3, qik = 1, 


(48) 








[[xjj, Xijk]^ , a^j] ^ ; 


ifi 


j 


ke{i,.. 


. , 9} satisfy qu = 


~ Qjj ^' Qij Qjk ' Qik 1; 


(49) 






[ 


[xij , [xij , Xjjfc]^] ^ , Xj~\ ^ ; 


ifi 


j 


ke{i,.. 


. , 9} satisfy qjj = 


= Qij = qjk G G3, qik = 1, 


(50) 








[[xijk, Xj]^ Xj] ^ ; 


ifi 


j 


k €{!,.. 


. , 9} satisfy q^k 


= Qjj = Qij = Qjk ""^ G Gg, qik = 



9ii — Qkk 

(51) [[S^MJ! S^MjfcJf, ! ^ij] g ) 
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o ifhj, k e {1,...,9} satisfy qu = qfj'^ G Gg, qjj = qfk~^ = q%, qfk = I, Qkk = q% 

(52) [[^^ijfci 1 Xk\c ~ (1 + Q.jk) Qjk {[Xijkj ^k]^. j ^^j] ^ 5 

o ifi,j, k e {I,... ,9} satisfy qjj = = G G4, gj^ = 1, 

(53) [[[xjjfc, rEj]^ , rEj] ^ , Xj] ^ ; 

o ifhj,k G {1,... ,61} satisfy qii = '^j = -I, qjj = ^^'^ ^ -1^ ^ = 1, 

(54) [^^jj; ■^ijk\f, 1 

o if "1,3, k e {I,... ,9} satisfy qu = quk = -I, qTk = I, qfj ^ G3, qjj = -qfk = ±qij, 

(55) [xi,Xjjk]c - (1 + [xijk, Xj]^ - (1 + q'jj){l + qjj)qijXjXijk; 

o ifi,j,k,l G {I,..., 6} satisfy qjjqfj = qjjqfk = 1, Qkk = -I, qfk = Qu = Qjl = 'i-, 

~2 1 

Qjk — Qlk — Qu, 

(56) [[[xijki,Xk]^,Xj]^,Xk\^; 

o if ij, k,l G {1, . . . , (9} safe/y = ^ = g".^ G U G^, = qkk = -I, qfk = qu = 
Qjl = 1; ^jfc^ = 

(57) [[^^jjfc) [^^ijfci) g ) ^ ; 

o if ij, k,l G {l,...,e} satisfy qu = qfk~^ = quk = Qjk'^ = Q^ , ofj = Qu^ = Q^ for some 
qekx,q,, = -l,^k = qu = qil = l, 

(58) [ [[a^jjr'fc, Xj]^ , [xijkii Xj]^ ^ , Xjk^ ^ ; 
o if i,j,k,l G {1, . . . ,6} satisfy one of the following situations 

o Qkk = -1, qu = qTj'^ = q]j, m = qu^ = q%, qjk = qj^, qTk = qii = qj'i = 
o qu = qij~^ = -qu^ = -m, qjj = qfk = qkk = -'i-, qfk = qu = (ifi = or 
° qjj = qjk G G3, qu = qij = qu = qui = —qjj, qkk = —1, qik = qu = qji = i; 

(59) [[xijki,Xj\^,Xk\^ - qjk{qij~'^ - qjj) [[xijki,Xk]^,Xj\^; 
o ifi,j, A; G {1, . . . , 61} satisfy ^^ = 1, qu = qfj = -qfk G G3, 

(60) [x„[ Xiji Xik\^^ ^ + qjkqikqji [Xnkj Xij]^ + qij XijXuk] 

o ifi,j, A; G {1, . . . , 61} satisfy qjj = qf,,, = = -1, q^ = -qTj ^ Gs, qfk = 1, 

(61) [xujk, Xijk]^ ) 

o ifij G {1,...,6'} satisfy -qii,-qjj,quqij,qjjqij / 1; 

(62) (1 - qrj)qjjqji [xi, [xij, Xj]^]^- (1 + qjj){l - qjjqfj)xij] 

o ifi,j G {1,...,^} satisfy qjj = —1, qu^lfj ^ Gg, and also niij G {4,5}, or ruij = 3, 
qu G G4, 

_ _ 2—2 
/f:o\ r„ ^ 1 m^i] quqij (1., 

[Xi, XZai+2n. I ,. ^=^1 X,- 



1 _ 1 quqij quqij in 2 . 

{l-quq^j)q,^ '''' 



o if i,j G {1, ... ,0} satisfy + Soj ^ A^, qjj = —1 or ruji > 2, and also ruij > 3, or 
niij = 2, qu G G3, 

(64) Xiai+Zaj = [X3ai+2aj , Xij]c; 

o ^/^, J G {1, . . . , 9} satisfy 3ai + 2aj G A^, 5ai + 3aj ^ A^, and quqij, qfiqij 7^ 1; 

(65) [ 

Xiij 1 X'3cii+2aj\ci 
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o hj ^ {'i-, ■ ■ ■ , 0} satisfy Aai + Saj G A^, 5aj + Aaj ^ A^, 
(66) 

o if i,j £ {1, . . . , 9} satisfy Soj + 2aj G A^, 7ai + Saj ^ A\, 

(67) [[Xiiij , Xiij], Xiij^Q, 

o ^/^ J £ {li • • • ) ^} satisfy qjj = —1, Soj + 4aj G A^, 

res) fx- x. ^ 1 &-a + g^O(i-g^K)(i + C + g..CW 2 

where ( = a = (1 - C)(l - qiC") - (1 - ^^0(1 + gn)gnC, & = (1 - C)(l " gf^C) " a 9nC- 



In what follows we will use implicitly the isomorphism B{V) = u~^(x) determined by 
Xi 1-^ Ei] in this way, we identify 13{V) as a subalgebra of u(x)- 

For any bicharacter x whose root system is finite, J^'^{x) denotes the ideal of U~^{x) 
generated by all the relations in Theorem [XU except (|4U|) . plus the quantum Serre relations 
{adcXi)^~"'^^ Xj for those vertices such that q^-^ = qijqji = q~j^ ■ The last ingredient is to 
obtain a quotient of all the algebras Up{x), ^ I^P ^ 

Call also J-{x) := MJ^ix)), J{x) ■= (J+ix) + ^"(x)), 

U{x) := U{x)/J{x), U^ix) ■■= U^{X)/J^{X)- 

We prove first that J'^{x) is contained in the ideal defining the corresponding Nichols 
algebra. The following Lemma was proved with Agustin Garcia Iglesias and is implicit in 
other papers. 

Lemma 3.2. Let I C T{V) he a braided homogeneous biideal ofT{V), so there exists 
a surjective morphism of braided graded Hopf algebras tt : R := T(y)/I — t- B{V). Let 
X G ker vr, x ^ of minimal degree k >2. Then x is primitive. 

Proof. As vr is a morphism of graded braided bialgebras, ker vr is a graded biideal: 

n 

A(x) = X (g) 1 + 1 (g) X + fej (g) Cj G ker vr (g) -R + -R ker vr, 

i=i 

for some homogeneous elements bj, Cj G Ri, such that deg(6j) + deg(cj) = k. For each j 

i=l 

we may assume either bj G ker vr or cj G kervr. If bj G ker vr, then bj = by the minimality 
condition on k. Similarly, if cj G kervr, then cj = 0. Hence x is primitive in R. □ 

We will work with Ng-graded ideals, so the following notation will be useful: given 
/3 = ^ ■ biOi, 7 = CiOi, for some 6j, q G Nq, we say that /? > 7 (respectively, /3 > 7) if 
bi > Cj (respectively, 6j > Cj) for alH G {1, . . . , 6*}. 

Proposition 3.3. J'^{x) is a braided biideal oflA^ix), o,nd there exist a canonical pro- 
jecction of Hopf algebras tt^ : U{x) ~^ "(x) such that vr {U^{x)) = u^(x)- 

Moreover, the multiplication m : U~^{x) U^ix) ® U~{x) ~^ U{x) is an isomorphism 
of graded vector spaces. 

Proof. We can order order the relations according to their N-graduation. When we quo- 
tient by the relations of degree n — 1, the relations of degree n are primitive by Lemma 
13.21 because for any of them we can see that the relations in Theorem 11.251 of degree at 
most n — 1 are verified. Moreover, for a relation of degree a G Nq, it is enough to verify 
that the relations of N^-degree lower than a hold in this partial quotient. For example. 
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each quantum Serre relation is primitive, and the same holds for x- ' ; therefore, when we 
quotient by these relation we have that x = [{adcXi)'^Xj, {adcXi)xj~\^ is primitive under 
the conditions for ([l^ . because we have quotiented by xf, xj, so it also holds that 

(adf^x^) Xj = (^ad^Xj^ x^ = 0. 

We work in a similar way with the other relations so each partial quotient is a braided 
bialgebra (and then a Hopf algebra with the induced antipode); finally, U'^{x) is a braided 
bialgebra, because J^{x) is a braided biideal. 

By the definition of Nichols algebra we conclude that ^^{x) Q /^(x)- By Lemma 
12.51 J^~^ ix)^^ {x)^ {x) is a Hopf ideal of U{x)i and then the equivalent conditions in 
Proposition 12.41 hold. Therefore there exists a projection of Hopf algebras and a triangular 
descomposition as in the Proposition. □ 

Now we prove that the isomorphisms at the beginning of Theorem 12.91 induce iso- 
morphisms between the corresponding algebras U{x)- The first step is to prove that 
Tp{J{x)) C i7(SpX)) which will be proved considering each relation generating the ideal. 
The following two Lemmata help us to reduce the number of explicit computations. 

Lemma 3.4. Let I he a Lyndon word such that [l]c — "^^^g ^ a^w (mod /"^(x)), for 

some a„, G k. Let L be a braided Hopf ideal -graded ofU^{x) such that the set of good 
words Sj+(^^-j, Sj coincide for those terms w >- I, and assume that I is written as a linear 
combination of words greater than I modulo L . Then [l]c — X]^g5 ^ ^'^i a^w (mod /). 

Proof. It is a direct consequence of Corollary 11.141 by this result, [l]c is written as a linear 
combination of good hyperwords greater than [l]c modulo /. Such hyperwords coincide 
with the corresponding good hyperwords for L~^{x) by hypothesis, and also / C /^(x)- 
Hence the linear combination should be the same, because the good hyperwords generate 
a linear complement of the ideal in U~^{x)- D 



Lemma 3.5. Let L be an ideal N^-homogeneous ofT{V), 9 = dimy. Let S, T be two 
minimal sets of homogeneous generators of L. Assume that por each a G there exists at 
most one generator in S (respectively inT) of degree a, and denote by L(S, a) (respectively, 
L{T,a)) the ideal generated by the elements of S (respectively, T) of degree (3 < a. 

For each s S of degree a S Ng, there exists t ^ T of the same degree, and c € 
such that s = c t {mod {L{S, a)), and then L{S, a) = L{T, a). 

Proof. We prove it by induction on the degree of the generators. Let s be of degree a, 
minimal for the partial order defined on Ng. Therefore dim La = 1, so there exists an 
element of T which belongs to this subspace of / of dimension 1. 

If the degree of s is not minimal, we apply inductive hypothesis for all the generators 
in lower degree, so for each s' of lower degree there exists a corresponding t' € T ol the 
same degree which satisfies the conditions above, and L{S,a) = L{T,a). Therefore 

dim L{S,a)a = dim L{T,a)a = dim La — 1, 

because S is a minimal set of generators, and by hypothesis there exists a unique generator 
of degree a. As T is also a set of generators of I, there exists t & L — L{T, a) = L — L(S, a), 
of degree a, so the statement follows. □ 

Remark 3.6. This Lemma lets us to identify relations of the same degree for two sets of 
minimal generators of an ideal, up to relations of lower degree and scalars. In this way 
we can consider relations from Theorem 11.251 for a fixed order on the letters, and consider 
relations for another order. If we have a minimal set and this set contains relations all in 
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different degrees (as we will have for the set of relations of the Nichols algebra or some 
partial quotients), then we can find a correspondence as above between the relations of 
the same Z^-degree. 

For example, if qj}''^'^'^ 7^ 1 for some pair of vertices i, j, then the quantum Serre relation 
(adc Xi)"^'^^^Xj is a generator for the minimal set of generators corresponding to the order 
Xi < Xj, so for the order Xi > Xj we have: 

[^j^i ^ ]c = [■ ■ ■ \[{^dcXj)xi, Xi]^ , ■ ■ ■ , ] ^ , Xj] ^ = a(adc 

for some scalar a G k^. 

Also, if qu S G3, Qij £ {iqa, —1}, Qjj = —1, we notice that 

[{adcXi)'^Xj,{adcXi)xj]^ = h [(adc Xj)^^, [(adc Xj)xi, Xj] J ^ (mod /), 

for some 6 € k^, where / is the ideal generated by x? and x|, because such relations 
correspond to different minimal sets of generators of the ideal of relations of the Nichols 
algebra, and these are the generators of degree Sctj + 2a j for each set. 

Lemma 3.7. Let I he a Z,^ -graded ideal oj"U^{x)- Let Y, Z £ U^{x)/L be homogeneous 
elements of degree /3,7 G Ng, respectively, such that {a.AcE.p)Y = 0. Then, 

(69) [(adc Ep)Z, Y]^ = (adc E^) [Z, Y]^ . 
Lf also x(ap, /3)x(/5, ttp) = 1, then 

(70) x(«p, /3) [Y, (adc Ep)Zl = (adc Ep) [Y, Z]^ . 
Proof. Both identities follow from ([9]). For example, for the second one, 

(adc Ep) [y, Z]^ = [Ep, [y, Zll = [[Ep, Yl ,Z]^ + x{ap, (3)Y [E^, Z]^ - x(/3, 7) [Ep, Z]^ Y 
= x{ap, (3) (y(adc Ep)Z - x(/3, 7)x(/3, ap)(adc Ep)ZY) 
= x(ap,/3) [Y,{adcEp)Zl, 
where we use the condition x(o^p) /3)x(/5) Oip) = 1- D 

Lemma 3.8. Let i,p £ {1, ■ ■ ■ ,0} be such that nipi > 2 and rriip = 1. Then, in U{s*x), 

'_Et,m.,^,Et,m,.-i]^= [(ad,^,)™-^„ (ad^^,)---i^4 = 0. 

Remark 3.9. Such relation belongs to the ideal /"^(s*x). In fact, as 2ai + Op ^ A^, we 
have Sp{2ai + Op) = 2ai + {2mpi — l)ap ^ A^, so such relation holds in the corresponding 
Nichols algebra u"'"(s*x). 

On the other hand, some of these relations are generators of the ideal J^{SpX) by 
definition, for example (I45p . We prove here that the other relations not in the definition 
of this ideal are redundant; that is, they are generated by relations of lower degree. 

Proof. We consider the different possible values of nipf, we begin with mpi = 2. Therefore 
Qpp G G3 or qppQipQpi = 1, and also qu = -1 or quqipqpi = 1. If = 1 for s*x, then 
p, i determine a subdiagram of standard type. If qi^p ^ I or qu ^ —1 then EpEiEpEi is 
written as a linear combination of words greater than EpE^EpEi, modulo J'{.s*x), using 
the quantum Serre relations, because in the first case EpEiEp appears with non-zero 
coefficient in (adc Ep)^Ei, so EpE^EpEi is a linear combination of greater words and EpEf, 
but this last word is in the ideal if qu = —1, or EpEf appears in {adcEi)'^Ep with non- 
zero coefficient, so in both cases we obtain EpE^EpEi as a combination of greater words. 
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Using Lemma [331 we conclude that E_t2^^ti = 0. A similar proof in the case = 1, 
qa —1 gives us the same conclusion. If = 1, qa = —1, the relation corresponds to 
H), which is by definition a generator of J^{s*x)- 
If nipi = 2 and > 1 for s*x, then ([52]) is a generator of J'{s*x), and then EpEiEpEi 



is a linear combination of EpE? and greater words. Therefore 



G by 

L • • J C 

a similar argument. 

If rupi = 3, then m^p = 1 for s*x, or there exists C € G24 such that = C^; ~ 
QpiQip = C- For the first case, we notice that ([63]) holds also if qpp ^ G4, because ^E_^E_p 
can be written as a linear combination of other words from the quantum Serre relation 
{a.dcEpYEi = 0, and then E^E^EpEi is a linear combination of greater words multiplying 
by E_^, so we apply Lemma [3.41 from this relation we work as above, so we write EpEiEpEi 
as a linear combination of other words and deduce that EpEiEpEi is a linear combination 
of greater words, and we can apply Lemma 13.41 again. For the second case, we write 
E^E_iE^E_i as a linear combination of greater words using the quantum Serre relations or 
the relation ([63[) . with the same conclusion. 

If TTLpi — 4, 5, then mjp — 1 for SpX- Therefore we work as before and we obtain the 

desired relation from ([63]) or ([15]) . according to 3ap + 2aj belongs to A^'^ or not. In both 
situations, we can write E^Ei^pEi or E^EiE^Ei as a linear combination of greater words, 
so we applv Lemma 13.41 again. □ 

We will prove now that Tp{x) € J^{s*x) for any generator x of the ideal J^~^{x) so we 
will have a family of morphisms between the elements the algebras U{x)- 

Lemma 3.10. Let i be a non-Cartan vertex. Then Tp{Ej^') G J'{s*x)- 

Ifi,j satisfy qa = qfj = qjj = —1, and there exists k such that qf^^ ^ —1 or qji?' 7^ —1, 

thenTp[El^ € J{s*pX)- 

Proof. Consider the first relation. If i = p, then p is not Cartan for x, so p is not Cartan 
for s*pX too. Therefore, by the definition of the ideal i7(s*x), 

Tp{E^n = F^" = MEpn G Jislx)- 



We consider then i ^ p- In such case, Tp{E^^) = (E_tm. 



py 

If rUpi = 0, then = E_^ and qipqpi = 1, so for each j ^ p we have q..q.. = qfj. 

Therefore i is not Cartan for s*x, and Tp{Ef^) = E^' G J(.s*x). 

Consider nipi ^ 0. As i is not Cartan, there exists j i such that q^''^qij 7^ 1. 

Assume first that niip + 1 = iVj. If m-jp = 1, that is qa = —1, there are two possibil- 
ities. If qipqpi 7^—1, using Lemma \3M the identity ([9]) and the quantum Serre relation 
{^<icEp)"^p^~^^E_i = 0, we compute in U{SpX), 



Rp^ 



—i.nipi ' —i,mpi~l 



{s*x{ap, mpiUp + ai) - SpXirUpiUp + ai, {nipi - l)ap + Oj)) (^Ef,^^^^ 
ix{-ap, ai) - x{ai, Op + at)) (Ef \ = gp/(l + qipQpi) (Efn,) , 



2 



so Tp{Ef) = (Kf„^^^j G J{s*pX)- If QpiQip — ~1) there are 3 possible subdiagrams 
determined by i,p: it is standard with g = —1, or it is Cartan of type B2 with q G G4, 
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or it is Cartan of type G2 with q €z Gq. For the first case, if the diagram is of type A2 
associated to g = — 1, it follows by definition of the ideal J'{s*x)', for the other cases, we 
write Kv EiEp '-'Ei linear combination of greater words using ()45p or the quantum 
Serre relations, and also the previous Lemmata. 

If niip > 1 and rupi = 1, we compute, using ([9|) and the relation (adc^p)^Kj = 0, 



{spXioip, ai + Op) - s*x(ai + "p, Oj)) (^Ef,^ 



From this relation and ([9]) again, we calculate 



{qpl - quQip) (^ti) 
=9pj^(i - qmpqpi){'^ - qhipqpi) (^Kfi 

So if niip = 2 and rUpi = 1, it follows that Op + 3ai ^ A^, and 

Sp{ap + Soj) = 3aj + 2ap ^ A^"*^. 
Using the previus Lemma, [(adc^Ej^^^, (adc^J^p]^ G J'~^(s*x), so 



because we apply Lemma 13.51 if the relation belongs to a minimal set of generators 
{qfiqipqpi 7^ l; so S G3), or we compute it directly for the cases in which it is Car- 
tan of type B2 or standard with qpp = —1. Then, by a similar argument. 



If m. 



tp 



Tp{Et)=[El^) ej{slx)- 
3, rUpi = 1, we have that Sp(Qp + 4aj) = 4aj + 3ap ^ A 



so 



E1 



Efi, Efi,Ei 



by a similar argument, using ([Mj) . In this case we deduce that yE_tij ^ J7'(SpX)- 
If 

^^ip — 4, then q^^qipqpi / 1, so (yE^^i^ G J^i^x) in a similar way, using (l66|)- We 

notice that there are no diagrams such that q"^^'''^^ = 1 and m^p > 5. 
Now we consider mip,mpi > 1, so there are 3 possibilities: 

• mip = TUpi = 2, so is a generator of J'{s*x), and Qpp S G3. Therefore we 
write EiElEiElEi as a linear combination of other words, which begin with E 
or they contain E_p as a factor. If we multiply by E^ on the left, E^E_^E^E_^E^E_^ 
is a linear combination of greater words modulo J{SpX), because E_p G J'{s*x), so 
Tp{Ef) = i{ad,EpfE,f G Jis;x). 
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• rriip = 3, rripi = 2, so qu = Qpp = C^, qipQpi = C^^ for some C G G24, and <^ is 
a generator of the ideal J{SpX)- Using this relation we write E_^E^^E_^E^^E_^E^E_^ 
as a linear combination of words beginning with E_p or words containing ^ as 
a factor. Multiplying by on the left, we write {E^E_j)^ as a linear com- 
bination of greater words modulo c7(s*x), because E_p G c7(s*x), so Tp{Ef) = 
{{^d,Ep)^E^^eJ{s;x). 

• mip = 2, nipi = 3, so there are two possible diagrams; in both cases (j67p is a 
generator of J'{SpX)- From this relation we write EiKlEiElEi as a combina- 
tion of words beginning with E^p o containing E_p. Multiplying on the left by E^, 
^^i^p^i^M.i can be written as a linear combination of greater words, mod- 
ulo J{spx), because E_p G >J{SpX) or (adc^p)^Kj G 'J{SpX)j so, in both cases, 
Tp{Ef) = iiad^Epfm' e Jis;x). 

Finally we consider q^^^qipqpi = 1, rriip < — 1, so there exists j ^ p such that 
1 < rriip < iTT-ij = Ni — 1. In this case, i, j, p determine a connected diagram, where i is 
not Cartan, connected with j and p, and also qa is a root of unity of order Ni > 2. We 
have the following possible diagrams under the previous conditions: 

• qa G G3, qpp G {qu, -1}, m^p = rnpi = 1, m^j = 2, mpj = m^p = 0, or 

• qu G G4, qpp = -1, qipqpiqu = 1, %j = ^m, rupj = mjp = 0, rriij = 3 (a diagram of 
type super G(3), with g G G4). 

Both possibilities follow in a similar way to the case nipi = 1. 

We analize now the second relation. As qfj = —1, 

{{ad,E,)Eif = q% {{adcEi)Ejf + 2qji{E,E]E, + EjE^E,). 

By the first part Tp{Ef),Tp{Ej) G J7'(s*x), and as Tp is an algebra morphism, it is enough 
to prove that Tp (^{{adc Ei)Ej)^^ G c7(s*x), to conclude that also Tp ^{{adc Ej)Ei)'^^ G 

J7'(spx)j and vice versa. Moreover we need just one of these two relations in order to have 
a minimal set of relations. 
If p = j, we have 

Tp (((adeS.)i^p)') = {El.FpLp^ - q.,pF.pLp'E+,y 

= ({FpE-,2LpE) - q^pq^pg^pFpEl^L-^)' 

because q = q q. = q .. = —1. 

—pp -Lpi-Lip -Lll 

Now we consider p 7^ If nipi, f^pj 7^ 0, we have two possibilities: 

• qpp = —1, qipqpiqjpqpj = —1 so it is a diagram of type super D{2, 1; q)), or 

• Qpp = Qip^Qpi^ = -QjpQpj e G3 U G4 U Ge. 
For the first case, or the second when qpp G G4, 

Tp(((adei?.)^,)') = [i^d, Ep)E,, {ad, Ep)E^]l. 

Using (|47p and E^ if q^^ = —1, or the quantum Serre relations 

{adc EpfEi = (ad^EpfEj = 
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if qpp G G4, E_^E_pE_,jE_p is a linear combination of greater words, so {KpKiKpKj)'^ is also 
a linear combination of greater words. Then, 

by an analogous statement to Lemma [3.41 but for powers of hyperwords, and such relation 
is in 

For the remaining cases, qpp G G3 U and 

Tp({{^d,Ei)E,f) = [{s.d,Ep)E,,{^d,EpfE^]l. 

We write [EpE^E^pEjf as a linear combination of greater words using the quantum Serre 
relations or ()17|) . so 

Tp{{{s.d,Ei)Ejf') G J+(s;x) 

by an analogous argument. 

If rupi = 1, rupj = 0, we have two possibilities. If qpp = —1, then q^i ^ —1 and 
q-- = q^i = q^~ , so is a generator of J{s*x), as well as E^ and ^p^. By Q, we have 
that 

qpiqpjO- + ipi)M^nj = \Eppij-,Kij\c - \E_p, [^pjj,^ij]c]c g 

so Tp{Efj) = E_pij G J(s*x). If not, then q^ = %ii^ -1, and we write EpEiEjE_pE_^Ej as 
a linear combination of greater words modulo iJ{s*x), using the quantum Serre relations 
(observe that {q. .) is twist equivalent to the original braiding). Therefore Tp{Ef-) = E^^j G 

Jis;x}- _ 

If nipi > 1, nipj = 0, then Qpp = —qpi G G3, and the proof follows in a similar way to 
the case qpp = — 1, but using the relation (f6T]l . 

If TUpi = rripj = 0, the proof follows easily, because q^^ = Q^^Q^^ = = and 

Tp {Ej^ = E]j G J{s*pX) by definition of the ideal. □ 

Lemma 3.11. Let i, j £ {1, . . . , 9} be such that q^^^qfj = 1- Then 

Tp{{8.d,E,r^^+'E,) Gj{s;x). 
Proof, (i) The case p = i was considered in the first part of Theorem 12.91 
(ii) Let p = j: we analyze all the possible values of rriip. If rriip = 0, then qipqpi = 1, and 
Tp ((ad, Ei)Ep) = EiEpLp^ - qipFpLp^E^ = {E^Fp - FpE,)L-^ G J{s*px). 
Consider rriip = 1; by (l36|) we have 
Tp i{adcE,)Ep) =E+^^^FpL;' - q^pFpL^^ E+^^^ 

~ QipSp xi^T^piOip + Q^j) 0(p)T_pM.i^rnpi—p 
= ('^Pi\,p(lpp'~\pdip - 1)4^ (("^Pi - + "P)"^ ^tm^-l 

+ FpEf^mp^Lp^ - qipxiai, -ap)FpEl^^^Lp^ 

(71) ={'mpi)qpp{qpp~'^^'qpiqip - l)qipqppEfm^._^- 

If rripi — 1 , we have by this identity and Remark I2.10t 

Tp {{ad, Eif Ep) =Tp{[Ei, {ad, Ei)Epl) = [{eidcEp)E„aiE^^, 
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where Omp, := {'mpi)q^^{qpp "^"'qp^Qip - l)qipqpp G k^. This element is in J{s*x) because 
m^p = 1, so (adcKj)^Sp € J^{s*x)- We consider now mpi > 2; by Lemma [STSl 



Tp{{adcEifEp) 



, drn ■ E^ 



pi — i,mpi — l 



e J {six)- 



Consider now niip = 2. We look at all the possible diagrams with two vertices and 
note that mpi = 1, or there exists C G Gg such that qa = — C, qipqpi = C ^ Qpp = C^- 
the first case, qpp G { — l,qf-}, so this diagram is standard of type B2, and (H5]) belongs to 
>J{s*x) by Lemma ElBl Therefore 

Tp {{adcE.fEp) = ai [(ad^^p)^,, [(ad.^p)^,,^,] G J{s;x)- 

For the second case, the braiding matrix of sir is q.. = —1, q. q . = C^, q = C^- Then 
' " ±.11 ' j-ip±.pi ^ ' Jipp ' 

Tp {{adcEifEp) = UadcEpfE,, [{ad.EpfEi, (ade^p)^^] J G ^(^x), 



because (j65|) is a generator of this ideal. 

It remains TO CONSIDER TTijp G {3,4,5}. The unique diagram with nipi > 1 is 



where C £ G15, = — C and rtiip = 3, m^j = 2; applying Sp we obtain 



.-1 



By dM]) we write KiElEiElEiEpEi as a linear combination of words beginning with E„, 
or containing E^ as a factor, or greater than this word for the order p < i. Multiplying 
on the left by E^ and using that E^ G J'{s*x), (KpKi)^ KpKi can be written as a linear 
combination of greater words, modulo J{s*x)- By Lemma 13.41 we conclude that 



mlm'^EpE^ceJislx). 



SpX 



Tp{{ad,E,fEp) 
Finally we consider mpi = 1, so we have 





^t2^ 


Kt,2^Ef^l 












c 


c 



Sp {miptti + ap) = miptti + {mpi - l)ap G A/ 



Sp {{mip + l)ai + ap) = (m^p + l)ai + mpiUp ^ A^^. 

If 5pp = q^^ 7^—1 then mpj = 3 and {E_pE_i)^ KpE] is a linear combination of greater words 
modulo J'{s*x), where we use first the quantum Serre relation (adc^p)^^j = to write 
E_pE_iE_p as a combination of the words E_pE_i, KiE^ and then (f63l) . which also holds in 
U{SpX)- By this relation, 



Tp((adc^i)^^P 



G j{s;x). 



In other case, qpp = — 1 and mip G {3, 4, 5}, so we also have that 

Tp {{adcEir^^+'Ep) = [^^^^«^+(„,^,_i)„^, (ad,^p)^,]e G J(s;x), 
by ([66]) or ([68|) . depending on the value of mip. 
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(iii) Let p / j: if nipi = (i.e. %p = 1), then q.. = qu, g^-g-^ = Qij, so rUij = rriij, and 
iadcEi)"'^3+^Ej = holds in U{s*px). Moreover, in U{s*px) we have E_pE_^ = q .EpE^^, so 

{a'icEi){adcEp)X = q.^{adcEp){adcEi)X, 

for any X G U{s*x), by the second part of Lemma 13.71 By Remark 1 2 . 1 1 and the previous 
results, in U (s*x) we have 

Tp {{^dcE,r'^+'Ej) = (ade^J'^'^+Hade^p)"*"^,- 

= ^;;"^"^^^'^(ad,^p)™-(ad,^J™-+i^^. = 0. 

Consider now mpi ^ 0. If niij = rupj = 0, we apply Lemma ISTTl to obtain 

Tp {{ad,Ei)Ej) = [(ade^p)--^,,^^.]^ = (ade^p)™- J = 0. 

where we use that Q^jQj^ = ^ = 1, so in U{s*x) it holds that = 0. It remains to 

consider the case in which i, j and p determine a connected diagram, and rupi ^ 0. 

First we analize the case niij = 0, mpj / 0. If qpp = —I it follows that nipi = 
rUpj = 1. Then q-.q.^ = qipQpiQjpqpj, and EpE^EpEj is a linear combination of greater 
words for the order p < i < j, modulo J^{s*x)- 

• if q..q.. = 1, it follows from ()44p . 

— ^3 — 

• if q..q.. / 1, we write E^E E- as a linear combination of other words by (f^7|) . 
where those words are greater than E_^E_pE_j or begin with E_p, so we multiply on 
the left by Ep and use that E_p G J{SpX)- 

In this way, Tp {{a.dcEi)Ej) = [(adc^p)^j, (adc^p)^^]^ G J{SpX)- If m-pj = rripj = 1 and 

qpp 7^ —1; then {adcEp)'^E_^,{adcE_p)'^Ej G Jispx)] by these relations and {&dcEj)Ej, 
EpE_j^EpE_j can be written as a linear combination of greater words for the order p < i < j, 
modulo i7(spX)) and also Tp {{adcEi)Ej) G c7(s*x) in this case. 

If TUpj = 1 and iJipi > 1 (or analogously, nipj > 1, rUpi = 1), then qppqpjqjp = 1, and 
qpp 7^—1. Note that 

qTj = slx{ai,aj)s*x{aj,ai) = qpp'qpiqip. 

If qpp"'qpiqip 7^ 1, then ([17|) holds in C/(s*x), so we can write E_^E_pE_j as a linear combi- 
nation of other words, greater than E_^E_pE_j for the order p < i < j, or beginning with 
Ep. Multiplying on the left by E_p '" , we express as a linear combination of 

greater words, using that E'^""'^^ g J{SpX), or (adc^p)"*p^+^Kj G J'(s*x), so 

rp((ad,i?0^j) = [(adc^p)'"-^„(ade^p)^,]^ G ^(^x)- 

If qpp^qpiqip = 1 and g^''*^"'^ 7^ 1, E^^^ KiKpKj is written as a linear combination of greater 
words for the same order using {B^dcEp)'^r'r+^Ei, (adcEpfEj and (ad^^J^j, so we obtain 

the same conclusion. If %p"^qpiqip = 1 and (ffp"'~^^ = 1, then rUpi = 2 or nipi = 3, and the 
conclusion follows from ([5U|) or (fSHj) . respectively. 

If uipijUipj > 1, there is only one possibility: nipi = i^pj = 2. The proof is as above, 
expressing E^E_^E^E_j as a linear combination of greater words in the two possible cases: 
if qpp ^ G3, using the quantum Serre relations; if qpp G G3, by ([60]) and E^p. 

We consider now nipj = 0, mij ^ 0. Note that ruij < 3, because we have a 
connected diagram with three vertices and qa 7^ —1: (?™*^^^ 7^ 1. If = 3, it corresponds 
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to a diagram of type super G{3): 



X ■ o-i 



9 Q 



1 9 3 



Using (|49p . E^{EpE^)^E_j can be written as a linear combination of other words modulo 
i7(s*x), which are greater than this word for the order p < i < j, or begin with E_p (recall 
that G J^{s*x))- Multiplying on the left by E_ , {E_ E_^^E_j is expressed as a linear 



combination of greater words, modulo iJ{SpX), using that E^ e J^{s*x)- By Lemma \3A 
Tp {{^dcE.fEj) = (ad,^p)^„ [(ad,^p)^„ [{^d,Ep)E,, (adc^p)(ade^,)^J^ 

If rriij = 2, then m„j = 2 for the diagram 



X ■ oC** oC"" of s*pX : oC 



6 _^ r ^ r 



where C £ Gg, or iripi = 1. In the first case, we use ([5T|) . E_p € J'(s*x) and the quantum 
Serre relations, and call c = s*x(4ap + 2aj + aj, Up + aj) = x(2ai + Oj, + Oii), so 

Tp((ade^,)3^,) = [{adcEp)^Ei,[{ad,EpfE,,{ad,Ep)^{adcE^E^] 

= (ad.Ep) (^[iadcEp)E„ [{ad,EpfEi,{adcEp)\adcmEj]^ 
= -c{adcEp) ([\Eppi,EppijlEpi]] G ^(^x)- 



If nipi = 1 and qpp ^ —1, using (adc^Ep)^^^ we write E_pE.iKpE_iE_jE_i as a linear com- 



bination of greater words and KpKiKjKiJ for the order induced hj p < i < j, modulo 
i7(s*x)- Using now (adc^p)^j, and (adc^J^^j when qip^ ^ 1, or ([50]) in other case, 
E_pEiE_pE_^E_jE_^ is expressed as a linear combination of greater words modulo J{s*pX)- If 



■pi 



1 and qpp = — 1, then (j^Hj) is a generator of J{s*pX)-, so 



[(ad,^p)^„(adc^p)(adc^J^^.]^,^J^ G J(s;x), 
or ()45p (considered for the pair i) is a generator of the ideal. In any case we have that 
rp((ad,^,)^^j) = [(adc^p)^,, [{s.d,Ep)Ei,{a.d,Ep){a.d,EdEj\ 

= (ade^p) [e,, [(ade^p)^„(ade^p)(ade^J^^.]J^ G J{slx)- 

Now we fix rriij = 1. If m^j = 1, we analize each different possible diagram. 

• If qpp 7^—1, then s*x is twist equivalent to x (restricted to the vertices p, and 
EpE^EpE^E_j can be expressed as a linear combination of greater words modulo 
J'{s*x), using the quantum Serre relations 

{adcEp)'^Ei = {adcE^)'^Ej = {adcEp)Ej = 0. 

• If = -1 and quqipqpi = 1, then q^■ = -1 and q-p^p-q^-g-^ = 1. In this way 
is a generator of the ideal, and by Lemma [33 

Tp{{adcEifE,) = [{ad,Ep)E„{adcEp){adc_E;)E^]^ 

= (ad,^p) ([^„(ade^p)(ade^J^^.] J G ^(^x)- 
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• If qpp = -1 and qmpqpi / 1, then g^-g-^ = QpjQjp = 1, g-^gj- = Qij + -1 and 
= q^l (h} (C} (hi^ = -q- q .q-.q.. 7^ -1, 

^PP -"iP ^pi -"ii ±.ip2^pi2.ijj^]i ' ' 

SO ([M]) or ([55]) are generators of J{s*x), and then Tp [{ad^ Ei)"^ Ej) E 
Now we fix nipi 7^ 1. The possible connected diagrams of rank three with these condi- 
tions must verify rripi = 2, niip = 1. Using the quantum Serre relations (adc^p)^j = 
(adc^p)^^j = if 7^ -1, or ()i6|) . (f52|) depending on the case, EpE^EjEpE^ can be 
expressed as a linear combination of greater words for the order p < i < j, and by Lemma 

[(ade^p)2(ad,^J^^., (ad,^p)^4 G ^(^x)- 
By Lemma ()3.7p we conclude that 

rp((ad,i?,)2i?,) = [(ad,^p)2^„(ade^p)2(ad,^J^,]^ 

= (ade^p) ([(ade^p)^i,(ad,^p)2(ad,^J^^.] J € J{s;x). 



Finally we consider mij,mpj ^ 0, so each pair of vertices is connected. If m. 



there is just one possibility, 

X- 0-1 



which is a diagram of type super G(3). By (I49|) and Lemma 13.51 we have that 



rp((ade^,)'^^j 



(ade^p)^i, (ad,^p)^„ [(ad,^p)^„ (ade^p)^,- 



The remaining case is niij = 1. If nipi = tUpj = 1, there are two possible cases: 

• qpp = ~1; ill this case (j^Hj) is a generator of the ideal J^{SpX) by definition, and by 



Lemma 13.51 we have that 
Tp ((ad.^O'^j) = [(adc^p)^,, [(ad^^p)^,, (ade^p)^,] S J{s;x). 

• 9pp / -1> qppqpiqip = qppqpjqjp = l; SpX is twist equivalent to X, so (glD is a gener- 
ator of J'{spx)- Using also the quantum Serre relations (adc^p)^^j, (adc^p)^^j, 
{stdc E_^)'^ E_j , EpE^EpE^E_pE_j is written as a linear combination of greater words, 
modulo Jispx), so as before Tp {{adcEifEj) € J{s*pX). 
It remains to consider the following braiding: 

oC , qpp = ( e G3, rriij = rupj = 1, rupi = 2. 



,-1 



The diagram of s*x is 



-1 



,-1 



Then (jl5]) holds for p, z, and so E_^E^E_^E_ 



^pA, ^ u- u . iivjii l| '■^V ^'■^'^"■^ ^"-^ i', ±±i±±.p±±i±±p 

is expressed as a linear combination of other words of the same Z^-degree. Multiplying on 
the left by -Bp, on the right by E_j, and using that ^ = 0, E^E^EpE^EpEj can be written 
as a linear combination of greater words, so 

Tp {{adcE.fEj) = UadcEpfEi, [(ade^p)'^^, (ade^p)^,-] 1 G J(s;x)- 
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Lemma 3.12. Let k € {1, ■ ■ ■ ,0} be such that qjj = —1, qn. = Qijqjk = 1- Then, 

Tp{[E,,k,E,l)€j{s;x). 

Proof. Note that in U{x) we have the following identity, using the condition on the scalars, 
© and (adc Ei)Ek = = 0: 

[Eijk,Ej]^ = QijQkj [Ej,Eijk\^ = qijQkj [Eji,Ejk\^ , 

so it is enough to prove that one of these relations is applied in J'{s*x) by Tp for each 
possible diagram. Let p = j. Note that q = —1, q. q q q = q.,q,. = 1, so (adc^J^/j 

— PP — ^P — — pK — f^P — — "-^ — 

and (jM]) are generators of J'{s*x)- By we have: 

Tp {[Eipk, Epl) = [aiE„ (ade^p)^;,]^FpL-i + qipqkpF^Lp^ [aiK„ (ade^p)^^]^ 

=^^1 {liplpplki + QipQkp) FpLp^ [Ei, (adc^p)^fc]c 

+ ^^IpkO- - QpkQkp) {EiE,^ + qipqpkQikEkEj) 
='^i^pfc^(l - Ipkqkp) (adc^i) r^fc G J{s*pX)- 
Let p = i, which is analogous to the case p = k. By ()69p and ()7ip . 

Tp{[E,p,E,kl) = K,(ade^p)'"--^^,,(ade^p)'""(ade^,)^fc]^. 

Note that rupj = 1, 2. If mpj = 1, qpp 7^ —1 or iripj = 2, qpp ^ G3, then qpjqjp = 1- In 
this case, -q.. = q^^q^^ = q^-g-j^q^-g-^ = 1, so (adc^p)'^p^+i^^. = = (adc^p)^A,- Note 

also that (jMl) is a generator of J'(s*x), hence Tp ([(adc (adc £'j)£'fc]^) € j7(spX)- If 

qpp = — 1, then 

-jj-jP-Pj -jj-jk^kj %kikp 

hence in U{s*x), (adcRA'^E^ = {adcE^'^E^ = if g . . / -1, or (glD if g . . = -1: in this 
way, 

Tp {[E,p,Ejkl) = ai [Ej, (adc^p)(adc^,)^fc]^ G J{s;x). 

The remaining case is qpp G G3: by (|46|) we obtain that 

Tp {[E,p,Ejkl) = a2 [{ad,Ep)Ej, {ad^ Ep)^iadcEj)Ef,]^ G J{s*pX). 

Finally take p 7^ i,j,k. First, the proof is trivial if p is not connected with i, j, k, 
because in such case s*x is twist equivalent to X) and then 

Tp {[E,,k,E,l) = [E,^k,E^], e Jislx). 
Now, if p is connected just with i (or analogously, just with k), we have 

—jj ^ji^ij^jk—kj ^ik—ip 

and by Lemma 13.71 

Tp {[E,,,, E,l) = [(adc^p)--(^.,fc),^,]c = (adc^p)"^- {[^vk,E^],) ^ J{s*pX)- 

If p is connected just with j, then q^j G {qij,qjk}, and uipj = 1. We assume that q^j = 
qij — qkj ■ If qppqip — 1; SpX is twist equivalent to x', in other case, qpp = -1, and then 

% = Qpjijp, gpjgjp = q-'qjp = qkjqjk = g^^g^^. 
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SO in both cases [{adcE_p){a.dcE_j)Kk'>Mj]^ ^ J{s*x)- Therefore KpKjKkKpKjKi is a 
hnear combination of greater words (for the order p < j < k < i), so we have that 

Tp{[{ad,Ej)Ek,{adcE,)E,]^) = [(ade^p)(ade^,)^fc, (ad,^p)(ad,^^.)^^], ^ J{s;x). 

The remaining case is that p is connected with two consecutive vertices. We can 
assume that p is connected with i and j. There exist six possible diagrams satisfying these 
conditions. For two of them, the diagram of s*x is the same. 



-C 



.-1 



-,<?fcfc 



7^-1- 



In the second 

Tp {\Eji,Ejk]^ 



m 



1. Consider the order p < j < i < k: 



[Epj,Epi]^, [Epj,E^ 



[EpEjEpEiEpEjEi^l 



Note that E_jEpE^ is a hnear combination of other words of the same degree by (147p , where 
those words are greater than EjE_pE_^ or begin with Ep. In ah the cases we conclude that 
Tp [[Eji, -Ej-fclc) G J'i.^pX)- The proof for the first case is analogous. 

For the remaining four diagrams, we write also the diagram corresponding to SpX- 



,-1 



,-1 
1 



.-1 



-,-1 



-.Qkk 



-1 

-1 



.-1 



c 

-1 



Note that m, 



pi 



m 



TO 



1. If we fix the order p < j < i < k, and obtain that 
Tp {[Eji, -E'jfclc) = [KpKjKpKiKpKjKk]- We can write KpKjKpKiKpKjKk as a linear com- 
bination of greater words modulo J'{s*x)- in the first case, using (|48p : for the remaining 
cases, we use ([59]). □ 



Lemma 3.13. Let i,j £ {1, . . . ,0} be such that qjj = —1, and also qi- 
quqfj G Gq. Then, Tp [[{Euj, Eij]^) G J{s*pX), for any p £ {I, . . . ,9} . 



±qij G Gs, or 
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Proof. We denote x := [{Enj, Eij]^. We begin with the case p = j. Note that nipi = 1 
(because qpp = —1, q^i / 1), 3aj + 2ap ^ A^, so 

Sp(3Qi + 2ap) = 3ai + Up ^ A^^. 
Using (HU) and (ad^^J^^p G 

we obtain that 

rp(x) = 0201 [Epi,Ei\^,Ei ^ G J{s*pX)- 

Now let p = i. By Lemma 13.41 it is equivalent to prove that 

Tp{jc') e J{s*px), where x':= Ejp,[Ejp,Ep]^ 

because we have proved that Tp apply the generating relations of degree less than x in 
elements oi J{s*pX). By ([Ml), 

rp(x') = o2o2 [{a^d, Ep)E J, Ej]^ G J{s;x), 

because it holds that g.. = — 1, org. o. q . = 1. 
Finally, let p ^ the C9/SG Ttl^pi — ^^pj 

= follows easily as in the previous Lemmata, 
so consider the case in which p, i, j determine a connected subdiagram of rank three. We 
note that qa G G3. 

We take first rupi 7^ 0, nipj = 0. The possible braidings verify that nipi = 1, so for the 
order p < i < j, 



Epi, [Epi, Ej] ^ ,[Kpi,Kj]^ - [KpKi{EpE_iK 



where we use that {adcEp)E_j = in J7 {s*x}- As qpiqipqu = 1 or qpiqip = ±qn, we have that 
q.. = —1, or q..q. g . = 1, or g^.g. q . = 1, or g.. = — g. g . G G3, so E„E,E„EjE^E„E,Ei 
can be expressed as a linear combination of greater words modulo J{SpX)-, using the 
quantum Serre relations or ()15]) . We deduce that rp(x) G J{SpX), using the Lemma [37il 
Now let nipi = 0, mpj 7^ 0. We note that nipj = 1 for any possible diagram, and in 
U{SpX) we have that: 

Tp{-K) = [{s.dcE^\a.d,Ep)E^,{B.d,Ei){s.d,Ep)E^]^ 

= ip [(ad,^p)(ade^,)2^,., (ade^p)(ad,^J^^]^ 

= ip{^d,Ep) [(ad,^,)2^,, (ade^p)(ad,^J^,.]^ 

= gj,(ade^p) [{^dcEi)\^dcE^)Ep, (ad,^J^^]^ = 0, 

where we apply (f69|) (because {sidcEp)E_^ = 0), Q, and finally that (jl6|) is a generator of 
J{SpX)., because g.. = qu G G3, m^j = rrijp = 1, and pS]) is also a generator by Lemma 

Finally, consider nipi, nipj 7^ 0. There exists just one possible braiding: qpp = —1 = 



QpjQjpi Qu 



Qij = QpiQip- The diagram of s*x is 0-1 



solution is analogous to the previous case, but now we use (H8]l . 



0^1 , and the 
□ 



Lemma 3.14. Let k G {1, ■ ■ ■ ,0} be such that qa = iqij G G3, g^^ = 1, and qjjqij 
QjjQfk = or qjj = -1, qfjqfk = 1- Then, for any p e {I, . . . , 9}, 

Tp{[Eii,k,Ei,l) £Jis;x). 
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Proof. We denote x = [Enji^, Eij]^. We begin with the case p = k. In all the cases we 
have that rrikj = 1, and s*x satisfies the same conditions, so ([16]) is a generator of J'{s*x)- 
Then, 

= aito [^nifc,^^,], = (mod J{s;x)), 

where we apply first ([7T]) . then ([69]) . iadcbE_k)Ki = foi" the second line, y finally Q plus 
the fact that (j45p is a generator of J'{s*x)- The cases p = i, p = j are proved in a similar 
way to the case p = i of previous Lemma. 

Finally take p ^ k, and assume that p is connected with at least one of the other 
vertices; in other case the proof is easy as above. We have two possible cases: mpi = 1, 
TUpj = iTLpk = 0, or iripk = 1, iTLpj = rupi = 0. For the first one, 



and we have two possibilities: 

• if Qpp = —1, then quqip = 1, and q.. = —1, so (j48l) is a generator of i7(s*x) for the 
subdiagram determined by p,i,j. Therefore Tp(x) € J7'(s*x). 

• if Qpp / —1, then Qpp = q^p^q'^ = qu, so s*x is twist equivalent to x (jl6|) 
is a generator of J'(s*x)- Then Tp(x) G J{SpX), because it is obtained after to 
apply {a.dcpE_p)^ to (|i6]) and multiply by a non-zero scalar, where we use also the 
quantum Serre relations involving E_p. 

For the second case, we use (adc £^p)^j, {&dcE_p)E_j G J{s*pX) to obtain that 
- [(ade^p)(ade^j2(ad,^^.)^„ (ad,^,)^,-]^ 

-^p^,Jadc^p)([(ade^J^(ad,^,)^fe,(ade^J^,]J =0 (mod ^(^x)), 



by ([69]) and the fact that P6|) is a generator of i7(SpX). □ 

Lemma 3.15. Let i, j. A; € {1, ... , 9} be such that qif^, qij, qjk 7^ 1. Then, for any p, 
Tp (E^k ^zf^^ [Eik, Ejl - q.jil - ^k)EjEik) G ^(s^)- 

V qkj[^-qik) J 

Proof. Let x = E^^ - ^^^^^^-Ik) -^iL ~ ~ Qjk)EjEik. By a direct computation we 
obtain the same relation, up to an scalar, if we permute the vertices i, j, k, where we use 
that qiiqijqjk = 1, so it is enough to consider one of these permutations for each p. 

Consider then p = k, which is analogous to take p = i or p = j. Note that {mpi,mpj} = 
{1,1}, or {mpi,mpj} = {1,2}, so we fix lUpj = 1, TUpi G {1,2}. By ([71]), 

TpiEijk) = {%p%l(ljp - ^)qjpQpp [i^dc E^r^^E^Ej]^, 

Tp {[E,k, Ejl) = {q^p-'^'-q^'q^p' - l)qtpqpp [(ade^p)™-"!^,, (ad.^^)^,-]^ , 

Tp {E,E,k) = {qpp"^''qph^' " ^)<l^P%p{^d,E^MM^-^pT'"~^^^■ 
If nipi = 2, or mpi = 1, qpp / -1, then g^^g^V lijljV Ijklkj ^ ^ ^^'^ deduce that 
rp(x) € J{s*pX) from the fact that ([TTjl is a generator of J{SpX), because we can write 
then KpEiE. as a linear combination of greater words (for the order on the letters 
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p < i < j), modulo J^{s*x), y apply then Lemma [331 If Qpp = —1 then q. q.. = 1, so 
(sidcEj^Ej G J^iSpX)- By a direct computation, there exists a G such that 

rp(x) = a(ad,^p)(ad,^J^^. G J(s;x). 

Let p 7^ We note that p is not connected with any of the other vertices (so 

the proof follows easily as in the previous Lemmata), or p is connected just with one of 
these vertices. For the last case we can assume that rupi / 0, so the unique possibility is 
rupi = mip = l. Then = g^kg^v ^ = = Ikjljk 7^ 1, so (gT]) is a generator of 

J{SpX)- By Lemma [321 and the relations {&dcE_p)E_j = {a.dcEp)E_f. = 0, we deduce that 
rp(x) is obtained, up to a non-zero scalar, after to apply (adc^p) to (|^7|) . modulo J^{SpX), 
so Tp(x) G J{s;x). " □ 



Lemma 3.16. Let i, j. A; G {1, . . . , 0} be such that 

(i) Qii = Qjj = -1; of/ = Qjk~^, qrk = l, or 

(ii) Qij = QjJ^= -1; Qii = -oik ^G^, (kk = l^or 

(iii) Qkk = Qjk = Qjj = -1, Qii = -Qij S G3, qik = 1, or 

(iv) qjj = -1, ^ = q-.^, -qjf, ^ =J^ or 

(v) Qii = qjj = qkk = ^Qij = Qjk ^ G3, q^k = I, 
Then, for any p, Tp {[[Eij, Eijk]^, Ej]J G J{s*pX)- 

Proof. Denote x = [[Eij,Eijk\^ '-^j]c' analyze each case. 

(i) We begin with the case p = k; by ([71]) and as E], E^, (adc^J^lp are generators of 
i7(s*x) (note that s*x is twist equivalent to x)) we have that 



=ai 



[Kipj,E 



■uJc '—Pi 



[Kpij,E 



■uJc '— Pi 



[^p,-., ^,.] , , Ep^ = a [E^EjE,E^E^E^Ej\ ^ (mod ^(^x)) , 



for some a G k^, where we use the order on the letters p < j < i. As (j48p is also 
a generator of i7(s*x), we can write E_jE_^E_jE_^E_pE_j as a linear combination of other 
words, greater than this word or beginning with E_p. Multiplying on the left by E_p and 
using the quantum Serre relations E_pE_jE_^E_jEiE_pE_j is expressed as a linear combination 
of greater words modulo J7(s*x), so by Lemma[231 ^^(x) G J7(s*x)- 

Let p = j; note that nipi = rUpk = 1. Also, q'^ = q^^q^^., so (ad^^J^^fc G J(s*x); use 
()7ip and work as in the case p = i of Lemma 13.131 to obtain that 

rp(x) =al [E„E^^^]^FpLp' - ajqlq^pFpLp' [E„E^p„]^ = b (ad,^,)^^, G ^(^x), 
for some 6 G k^ . 

Let now p = i. As in the previous Lemmata, it is enough to prove the statement for 

x' := [[Ekjp,Ejp]^,Ej]^. 
We apply ([7T]) to obtain, for the order on the letters k < i < j, 



Tp{^') 



[Ek, aiEj] ^,Ej , {adcEp)Ej — aj [E,^E^EpEj] ^ . 



As q . .q ..q. . 



fjj9.jklkj = ^' deduce by ([50|) if q.. G G3, or by {adcEjfEp 



{adcEjYEi, = 0, if Q. . ^ G3, that E^.EjEpEj is a linear combination of greater words, so 



rp(x') G Jislx), and then Tp(x) G ^(^x)- 
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If p k, then p is not connected with these three vertices, or p is connected just 

with i, or p is connected with two vertices. For the second case we have that qppq^i = 1, 
or Qpp = -1, oTpoTj = 1, so 



[Epij,E, 



pijk\ f. 1 Kj 



Tp{^) 



=(ade ^p) [ [EpE,EjE,EjEf,Ej] J mod J{s;x) 

by using first Lemma [3?7l then {adcE_p)E_ji {^dcE_p)E_j, {adcE_p)E_j ^ ^(^pX)) and fixing 
the order p < i < j < k. We conclude that Tp(x) G <JiSpX) by using ([56]) if qpp = —1, or 
using the quantum Serre relations corresponding to adc ^p to write KpKiKjKiKjKkKj as 
a linear combination of greater words and apply Lemma 13.41 to deduce that 

[EpE,E^E,E^EkE^]^_e J{slx). 

For the last case, we have two possibilities: 

• p is connected with i and j, in which case the proof follows by the fact that (j58p 
is a generator of the ideal, or 

• p is connected with j and k, in which case it follows because (j57p is a generator of 
J{s*pX)- 

(ii) , (iii) , (iv) , (v) If p € {i, j, k} the proof is completely analogous to the previous case. 

Let p ^ i,j,k, so p is not connected with any of these vertices, or it connected only 
with i, or only with k. The first case is easy. For the second case, nipi = 1, because qpp = 1 
or q~p = (jip 7^ —1, and the solution follows as in the previous case. For the last case, 
nipk = 1 and the proof is also analogous, considering the previous x'. □ 



Lemma 3.17. (i) Let i,j,k,l € {!,..., 9} be such that q^^ = —1; Ijk' = Qik ^ = Qih 
QjjOij = QjjQjk = Qik = Oil = 'qji = 'f- Then, for dip, Tp [j_[[EijkuEk]^,Ej\^,Ek\^ G 

j{s;x). _ _ _ 

(ii) Let i,j,k G {1, ... ,6*} be such that qu = qjj = -1, qij^ = qjk'^ = q^k 7^ ±1, qik = 1- 
Then, for all p, Tp ([[K^, [Ei,,Ei,k],]^,E,]^^ G J{s;x). 

Proof, (i) The proof is analogous to (i) of the previous Lemma, because if p ^ i,j,k,l is 
connected with some of them, then p is connected only with i with the same conditions. 

(ii) If p G k} the proof is completely analogous to the previous Lemma. If p 7^ k is 
connected with some of them, then p is connected only with i and qpp = —1, q^i = —qfj G 
G4. Anyway, the proof is analogous to the previous Lemma. □ 



Lemma 3.18. (i) Let i,j,k,l G {1,...,^} be such that qu = qi^ ^ = q^^ = qjk ^ = t 

Qij = Iii" = for some g G k^, qjj = -I, q^ = q^ = q^i = 1. Then, for all p, 
Tp [[[[Ei,k,E,l , [E,,ki, E,l]^, E,k]^) G ^(^x). 

(ii) Let i,j,k,l G {!,..., 9} be such that q^^ = qtj = qj^ G G4 U Gg, qu = qkk = -1; 
qTk = qu =qil = 'f, qfk^ = qfk- Then, for allp, Tp {\XEijk, [EijkuEk]l}^^,Ejk\^ G J{s*pX)- 

Proof, (i) Let x = [[-Eij/t, [EijkuEk]^^,Ejk]^- li p i {ij,k,l}, then p is not connected 
with i,j,k,l, so we consider the case p G {i,j,k,l}. If p = i, the diagram for s*x is the 
same, and Tp(x) corresponds to a relation of degree 3ap + baj + 3ak + ai, obtained after 
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to apply adcEp to (I58p . Similar situations hold when p = k and p = I. If p = j, then 
Tp(x) corresponds to the relation (|48p . and the proof follows. 

(ii) The proof is very similar to previous item, because p € k, I}, or p is not connected 
with k, I. □ 



Lemma 3.19. Let k, I G {1, . . . ,9} be such that one of the following situations hold: 

q]j, m = qTi^ = qjj, oik = q~l 



o Qkk = -1, qu = qij ^ = q]j, qki = = qjj, qjk = q^/, qik = qu = qji = 



o qu = qij ^ = -qii^ = -qn, qu = qjk = qkk = -i, qik = qu = qji = i, or 
° qjj = qjk G Gs, qu = qij = qu = qui = —qjj, qkk = —1, qik = qu = qji = i- 

Then, Tp [\\Eiju,Ej]^,Ek\^- qjkiqfj"^ - qjj) [[Eijkl, Ek]^ , Ej]^ € J{s*pX), for all p. 

Proof. No one of these diagrams can be extended in order to have a connected diagram 
with finite root system. In consequence, it is enough to consider (as in the previous 
Lemmata) the cases p G {i, j, k, /}. The proof for these cases is similar to the Lemma [3.15l 
up to consider the necessary relations under the conditions of these new situations. □ 



Lemma 3.20. (!) Let i,j,k € {1, ■ ■ ■ ,0} be such that q^f^ = qjj = q^j = qjj^ G Gg, 
qrk = l, qu = qik- Then, for all p, Tp {[[Euj, Eujk]^, Eij]J G J{SpX)- 
(ii) Let i,j, k £ {I,... ,9} be such that qu = q^~^ G Gg, qjj = qfk~^ = q%, qfk = qkk = 
qfi- Then, for all p, Tp {[[Eijk,Ej]^,Ek]c - {l + qjk)~^qjk [[Eijk, Ek]^, Ej]J G J(SpX)- 

Proof. For both cases, there exist no extensions of these diagrams. In consequence, it is 
enough to consider the case p G {i,j, k}. 

(i) The cases p = k and p = j follows easily because the diagram for s*x these cases 
coincide with the one for x- 

If p = i, then Tp (^[[Eppj, Eppjk]^, Epj~\^ is, up to an scalar, [Kpjk^ Ej]c, which belongs 
to ^(^x) because {ad^ EjfEp, {adcEjfEk G J{s*pX) (we have that g.-g^f^ = gjjgjp = !)■ 

(ii) The proof is similar to the one for Lemma |3.15[ 

□ 



Lemma 3.21. (i) Let i,j,k G {1,...,^} be such that qjj 
Then, for all p, Tp ( [[Ei,k, E^l , Ej] J G J{s;x). 
(ii) Let i,j, k G {1, . . . , 6*} be such that qjj = qfj^ = qji G 
[[[Eijk,Ej]^,Ej] 



qij 



qjk £ G3, qik — 1. 
1. Then, for all p. 



Ej\\^j{s;x)- 



Proof, (i) Let x = ^[Eijk, Ej]^, Ej~^^. For the case p = k, note that nipj = 1 in all the 



cases, so for the order i < p < j on the letters we have by (I71|) : 



rp(x) 



ai 



[Eij,Epj]^,Epj - [EiEjEpEjEpEj] 



As {adcEp)'^E_j G J{spx), or dM]) is a generator of J{s*x), and also E_^,{adcE_k)E.i G 
•^(•^pX)] EiEjE_j^EjEj^E_j can be written as a linear combination of greater words modulo 
J{s;x), so Tp(x) G j(s;x). 

Consider now p = j. By ()7ip and the relations defining ^(s*x). 



[Ei,{adcEpfEk]^,FpL-' 



' £—p±Lp 



a{adcE^)Ek, 
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for some a G k^, so Tp{-x) G J{s*x)- 

Let p = i. It is equivalent to prove that Tp(x') G ^Ji-SpX), where x' = [[.Efcjp, Ej]^ , Ej~\ ^. 

We note that rriij = 1 for all the possible diagrams, so Tp(x) = ai [Kkj^Kpj]^ ^—pj ' ^^"^ 

a proof similar to the case p = k tells us that Tp(x') G J7'(s*x), so Tp(x) G J'(SpX)- 

Finally, if p 7^ i,j,k, then p is not connected to any of these vertices, or p is connected 
only with i, or it is connected only with k. The proof of the first case is again trivial, and 
for the other two cases Tp{x) G J7'(s*x), using Lemma [37fl and the fact that s*x is twist 
equivalent to x- 

(ii) The proof is analogous to (i) . □ 



Lemma 3.22. (i) Let i,j,k G {1, ... ,0} be such that qa = qij = —1, qjj = qjk ^ 7^ — 1, 

= 1. Then, for dip, Tp {[Eij,Eijk]^ G J{s*pX)- 

(ii) Let i,j,k G {1, ... ,6*} be such that qjj = g^^ = = -1, q^ = -qfj G G3, ^ = 1. 
Then, for all p, Tp {[Eajk, Eijk]^) G 

Proof, (i) Let x = [Eij,Eijk]^. If p = k, nipj = 1 in all the possible diagrams and then: 

Tp(x) = ai[Eif^j,Eij]c = aiq._J^E_kij^Kij\c- 

We consider the two possible values of qpp. When qpp ^ —1, the diagram is of Cartan 
C3 type, associated to a root of order 4, and s*x is twist equivalent to Therefore 
rp(x) G J{SpX)i using that is again a generator of J{SpX)- If 9pp = —1) then 
qjj G G3 U G4 U Gq, and q . . = q7. = q.. = —1, so (03]) is a generator of and 

rp(x) = aig.p[^fcij-,^ij]c = aig.padc^fc (^|,) G J{slx)- 

If p = j, we consider the different possible orders of qpp. If qpp G G4 U Gg, then p is a 
Cartan vertex and s*x is twist equivalent to s*x, and iJipi = 2,3 

We use the quantum Serre relations and (|54|) to write E^'"'^'^ E^E^'"'^'^ EiE_pE_j as a linear 
combination of greater words modulo J{SpX)- If qpp G G3, then 




The result follows in a similar way, but using that (|45]) and (j47l) are generators of J{s*pX) 
in this case. 

\i p = i,hy Lemma Em it is equivalent to prove that 

rp(x') G J(4x), x':= [Ek,p,E,p]^. 

Note that (adc^j)^:^^ G J{s*pX), because for all the possible diagrams q~:^ = Q^jAj^j 7^ 
By (|7T]) . we have 

rp(x') = a? [(ad,^,)^^.,E^.]^ G 

Finally, if p 7^ hj,k, then p is not connected with any of these vertices, or p is connected 
just with i and nipi = 1, or p is connected just with k and nipk = 1. The proof is analogous 
to the corresponding case in previous Lemmata. 
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(ii) If p ^ hj,k, then p is not connected with them and the result follows easily. In 
consequence, we consider the case p € k}. If p = k, s*x is twist equivalent to x and 
(jl5]) is a generator of J7'(s*x)- Therefore ([71]) implies that 

If p = j, we have that 




By (|7ip and fixing the order p < i < k, we have that 



[Epi,E 



■pik} f, ' —pik 



[E^E^EE^E^EE^E 



We write E_pEiE_pE_^E_f.EpE^E_j^ as a linear combination of greater words modulo J'{s*x) 

using that ([^7|) . ([15]) . and ^j^^ are generators of J^{s*x), so Lemma [33] implies 

that Tp {[Eiijk,Eijk]^) G J{s*x). 

Finally let p = i. By Lemma 13.51 it is equivalent to prove that 

Tp(x') G J{s*x), x' := [Ekjp, Ekjpp]^ . 

Note that s*x is twist equivalent to X: so is a generator of cTCspX)- Applying ([7T]l . 

Tp(x') = a^ai [^fcjp,^fcj]^ = a^ai [£:fcj,^p]^ G ^(^x)- 

Therefore Tp {[E^jk, E^jk],) G J{s;x). □ 



Lemma 3.23. (i) Let i,j,k G {!,..., 0} 6e such that qu = qij = —qik G G3, qjk = f, 
qjj = -1, qkk G {-l,qrk~^}. Then, for dip, 

Tp ( [Ei, [Eij,Eik]^ ^ + qjkQikqji [Enk, Eij]^ + qijEijEuk) G J (spX)- 



(ii) Let A; G {1, . . . , 61} be such that qu = qkk = - f, Qik = 1, qij G G3, qjj = -qjk = 
^qij. Then, for all p, 

Tp {[E^Ejjkl - C/(l + Qjj) [Eijk,Ejl + (1 + q,j){l + q]j)EjEijk) G Jis;x). 

Proof. If p ^ k, then p is not connected with these three vertices and the proof follows 
easily for both relations. We consider then p G k} for each item. 

(i) If p = k, EpEj^EpEj^EjE^ is a linear combination of greater words by ()45p and the 
quantum Serre relations, depending on the value of q^k- In this way, there exist a, 6 G k 
such that 

x' := iMpEiEpEiEjEi], + a\EpE]EpEiEj]c + h[EpE,E^],[EpEi], G ^(^x)- 
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On the other hand, by (j7ip and for the order on the letters p < i < k, 

Tp [[xi, [{a,dcXi)xj, (adcXi)xfe]J J = ai {adcEpjE^, [{adcEp){adcEi)Ej,E,i]^ 

= ai [EpEiE_pE_iE_jEj]c, 
Tp[[{&dcXifxk, {adcXi)xj]J = ai [{&dcEp)Ei,Ei]^, {adcEp){adcEi)E^, 

= ai [EpEjEpEiEj]c; 

Tp[{adcXi)xj{adcXifxk) = ai{adcEp){adcEi)Ef^ [(adc^p)^j,^j]^ 

= ai [EpEiEj]c\E_pE]]c. 

Calculating explicitly the scalars a,b, we notice that Tp{x.) = aix' € J'{SpX}- The case 
p = j is analogous. 

Finally the case p = i follows as the corresponding case in Lemma 13.151 

(ii) The proof is analogous to the previous case. □ 

Lemma 3.24. (i) Let i,j € {1, . . . ,9} be such that niij,mji > 1. Then, for all p, 
Tp ((1 - qij)qjjqji [Ei, [Eij,Ej]^^ - (1 + qjj){^ - qjjqrj)Efj) G Jis*pX)- 



(ii) Let i,j G {1,...,^} be such that qjj = —1, quqij ^ Gg or mjj = 2, and qu G 
niij = A, or ruij G {4, 5}. Then, for all p, 

(iii) Let i,j G {1, . . . , 6} be such that qjj = —1, 5ai + 4aj G A^. Let 

V = qrj, a = {I - v){l - qfiV^) - (1 - qiiv){l + qii)qiiV 
b = {I - v){l - qfiV^) - a quv, 

6 - (1 + qn){l - qiiv){l + V + qiiv'^)q%v^ 



d 



Then, for all p, Tp ( [E2a,+a, , E^a, 



Proof, (i) Let x be the relation we are considering here. We note that if p ^ i,j then 
0, so the proof follows easily. Moreover the conditions about i,j are the 



pi 



m. 



same but one relation implies the other holds in U{x) too by Lemma 13.41 Therefore it is 
enough to consider one of cases p = i or p = j; consider p = j, in order to apply ([7T]) . 
Note that nipi = 2, 3. 



If rupi = 3, then rriip = 2 and we have that 



Tp{[Ei,[Eip,Ep]^]J - [Epppi,Epi\^. 
By ([9]) we can write ?p(x) as a linear combination of 



E \E ■ E 



pi\ 



E: 



ppi^ 



note that 



Ep, [Epp^,E,^ 



■pile 



[E.pE_iE.pE.i\c if we consider p < i. Using the quantum Serre 



relations or (j63p . depending on the case (there exist two possible diagrams), EtEj^E_ E_^ is 
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expressed as a linear combination of greater words modulo J{s*x), so Tp(x) € J'{s*x) by 
Lemma 13.41 

If rupi = 2, there exist three diagrams such that mjp = 2, and two such that rriip = 3. 
In all the cases, 

Tp {[Ei, [Eip, -Ep]J J =a2ai [E_ppi,E_i]^ = a2ai 

where we use ([9]) for the last equality. If qpp = —C, , q^p = , qu = , ioi some primitive 
root Q G Gg, then s*x is twist equivalent to x and (f62|) is a generator of J7'(s*x), so 
rp(x) G i7(s*x) by this relation and Lemma [3.41 For the other braidings q^^ = —1, so 
\_E_pi,E_^^ € J{SpX) and the coefficient of E^^ in the expression of Tp(x) is zero. Then 

rp(x) G j(s;x). 

(ii) Let x be the relation we are considering in this item. First we consider p = j; if 
qpp = —1, then nipi = 1, so 

Sp{3ai + ap) = 3ai + 2ap, Sp{3ai + 2ap) = 3ai + Up e , 
so ELip ^ 3. Applying (f7T]) we have that: 

[Epi,Ei]^,Ei 

-J c 

As TTijp > 3, ([63|) is a generator of c7(SpX)) or = 3, g.. ^ G4, so KpKiKpKi can be 
written as a linear combination of greater words modulo J{SpX), for the order p < i, using 
the corresponding quantum Serre relation and E^. In both cases we apply Lemma 13.41 to 
deduce that Tp(y) G >J{spx)- 

If rripi = 2, then niip = 3; in this case, 




We have two possibilities for SpX- 

• , C G G24, SO ([68]) is a generator of J{s*x), 

_^13 

• , C S Gi5, SO ([66]) and E^ are generators of J{SpX)- 

Then E^E^E^E^EpEiEpEi is written linear combination of greater words modulo 
J{s*pX) in both cases, so by Lemma [3^ we have that Tp(y) G J{SpX)- 

Let p = i;hy Lemma [33] it is equivalent to prove that Tp{y') G i7(s*x), where 

y' ■= [ [^iP' [^iP' ^p\c] c ' ^p] c ~ " -^plc) ^ ' 



E,p, \_E_p^, E_^ 



+ «2ai g .(g 



^ f2 
)±k.pii 



Tp {[Ei, [Eiij,Eij\^^^ 



E ■ 



Tp {[Ei, [Eiip,Eip]^^^ — al 
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and a € is fixed. Note that 

Tp ( [ [(ad, E,)Ep, [(ade Ej)Ep, J ^ , Sp] J 

= a^^^a^^^.i ([(ad,^p)---i^^, (ade^p)'"--2^^.]^£pL;i 

-qUlpF^L-' [(ad,£p)™--i£,, (ade^p)---^^,] J 
Tp ([ii;jp,£;p]J = a™,^,a^^,„i(ad,£p)™--2£, 
In any case, Tp{y') G kervr^*^ is a linear combination of 

so by Lemma [37il Tp(y') € c7(SpX)) because (j62]) . (respectively, ([63|) . (j68|) ) is a generator 
of J7(s*x) if Tnpi = 3, (respectively, rupi = 4, rripj = 5). 

Finally we take p ^ so p is not connected with i and j (and the proof follows easily 
by Lemma [377|) . or p is connected only with i, and qu = qfj = q^Qip £ G4, g'pp = — 1. 
Consider the order p < i < j, so 

Tp {Eiij) = [E_pi,Rpij] , ; 

= [EpEiEpEiEpEiEjEpEiEj]c. 

c 

By ([55]) . E_iKpKiKpEiEjE_pE_^ can be written as a linear combination of other words 
modulo J^iSpX), which are greater than it or they begin with E_p; multiplying on the left 
by Ep, on the right by Ej, and using that E_p G J{SpX), EpE^EpE^E^E^E^E^E^E^ is 
a linear combination of greater words modulo J[SpX)-, so rp(y) G J{s*pX) by a similar 
argument to the previous steps. 

(iii) The proof is analogous to the previous items, where we note that in the two possible 
cases Qjj = —1, and if p 7^ j, then p is not connected with them. □ 



Tp{\_Ei, [Eiij,Eij\^^^ 



E. 



■pi ' 



V—pi'—pij\ c '—Pij 



Lemma 3.25. (i) Let i,j £ {1, . . . ,9} be such that Aai + 2>aj ^ A^, qjj = —1 or mji = 2, 
and also rrnj > 3, or mij = 2, qa G G3. Then, Tp {[E3a,+2aj , Eij]c) G JiSpX), for all p. 

(ii) Let i,j G {!,..., 9} he such that Aai + 2>aj G A^, hai + Aaj ^ A^. Then, for all p, 

Tp{[E^a,+3a,,Ei,],) ej{s;x). 

(iii) Leti,j G {1,...,^} be such that 3ai+2aj G A^, Boi+Saj ^ A^, andqfj^qfj, qf^qij 7^ 1- 
Then, Tp [[Eiij,E-ia,+2aj\c) € J{s*pX) for all p. 

(iv) Let i,j G {1, ■ ■ ■ ,9} be such that 5ai + 2aj G A^, 7ai + Saj ^ A^. Then, for all p, 
Tp {[[Eiiij, Eiij\^ Eiij\c) G (SpX)' 

Proof. For these four sets of conditions, if p 7^ i,j then p is not connected with i and j, so 
the proof follows easily using Lemma |3.7|, or we have a diagram as in Lemma |3.24| (ii) , 
and the proof is analogous to this one. In consequence we will consider p = i and p = j 
for each one of these cases. 

(!) Let X = [E3a,+2aj , Eij]c, and take p = j. If rUpi = 1 (that is, qpp = -1 or qppqfp = 1), 
we have that 

Sp(3Qj + 2ap) = 3ai + ap G A^'^, Sp(4aj + 3ap) = 4aj + Op ^ A^'^. 

Therefore m-jp = 3, so Ej (respectively, (adc^J^^p) is a generator of J'{SpX), if q.- belongs 
(respectively, does not belong) to G4. By ([7T]) and the previous relations, depending on 
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the case, 



The remaining case is mpi = 2, for which there exist two possible diagrams: 



as- 



In both cases qpp € G3, and also 

Sp{3ai + 2ap) = 3aj + 4ap G A^^, Sp{4ai + 3ap) = Aai + bOp ^ A^_^^. 

Then ([66]) is a generator of J'{s*x) if 3aj + 5ap G A^'^, or (j67|) is a generator of J{s*pX) 
in other case, so for both braidings EpEiEpEiEpEiEpEi is a linear combination of greater 
words modulo J{s*pX), and (pUj) belongs to J{s*pX)- Therefore 



Tp(x) = 02 



, E ■ 
.pi\ c ) id.pi 



,E. 



■pi 



G j{s;x)- 



Consider now p = i, so by Lemma 13.51 it is enough to prove that 
Tp(x') e J (six), x' := [Ejp, [E,p, [Ejp, Ep] 



cJ cJ c 



If TTipj = 2, then Sp(3ap + 2aj) = + 2aj G A^'^, Sp(4ap + 3aj) = 2ap + Saj ^ A^"^, 
so rUjp = 2, and (jl5|) is a generator of i7(s*x); then 

rp(x') = aiai [^p,, [Epj,E^]] G 



If rupj = 3, then Sp{3ap + 2aj) = 3ap + 2aj G A_|f"^, Sp(4ap + Saj) = 5ap + 3aj ^ A^'^, 
so ([57]) is a generator of J'(s*x). By ([TT]) . 



■PjJc 



If = 4, then Sp(3Q;p + 2Q;j) = 5ap + 2aj G A^'^; moreover, we note that Top + 3a j ^ 



A_|f in both cases, and (j65p is a generator of .7"(SpX)- By this relation and the quantum 
Serre relations, KpEjElEjElEj is written as a linear combination of greater words modulo 
J{SpX), so 

?p(x ) = 0403 E_pppj-, [EpppjjEppj^^ G J{SpX)- 



(ii) The proof is similar to (i) , but more simple: for p = j we have just one possibility, 



m. 



pi 



1. 



(iii) Let X = [Eiij,E: 



. Consider p = j; we consider i a non-Cartan vertex, because 



ij 1 ^3ai+2aj \c 

in other case E_^E_pE] or EjE_pE] can be written as a linear combination of other words 
using the corresponding quantum Serre relation, and finally E] E_pE] E_pE_^ is a linear 
combination of greater words modulo i7(s*x), so the relation is redundant in this case. In 
consequence we consider nipi 
greater words modulo J7'(s*x), so 



1, and for this case E_pE]E_pE^ is a linear combination of 



rp(x) 



€ JisZx). 



Let p = i; as above, it is enough to prove that 



rp(x') G Jis;x), x' := [ [Ejp, [E,p, Epl] ^ , [Ejp, E, 



PJcJ 
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If nipj = 2, then Sp{3ap + 2aj) = + 2aj G A^'^, Sp{5ap + 3aj) = Op + 3aj ^ A^"^, 
so {adcE_j)^E_p (or Ej^) is a generator of c7(s*x); therefore 



G:^(4x)• 



If = 3, then Sp{3ap + 2aj) = 3ap + 2aj € , Sp(5Qp + 3aj) = Aop + Saj ^ , 
so (j66|) is a generator of J'(s*x). Therefore 



If rupj = 4, then Sp(3ap + 2aj) = Bop + 2aj G A^'^, Sp(5ap + 3aj) = lap + 3aj ^ aJ'^, 
so ([65]) is a generator of i7(s*x)- In consequence, 



rn / l\ 3 2 

Tp(x ) = 0403 



(iv) The proof is analogous to the previous one. □ 

Now we are ready to prove that the Lusztig isomorphisms descend to the family of 
algebras U{x), so we will look at the root system of this family of algebras. As we consider 
finite root systems, they are univocally determined as sets of real roots, and using this 
result we will obtain the desired Theorem of presentation by generators and relations of 
Nichols algebras. 

Proposition 3.26. The morphisms ()38p induce algebra isomorphisms 

Tp,T- ■.uix)^uis;x), 

such that TpTp = Tp'Tp = id^(^). 

Proof. By the definition of the ideals J{x) ^'^d the previous Lemmata, Tp{J{x)) C 
i7(SpX), so there exists an algebra morphism Tp : U{x) U{SpX)- By ^4 = id and the 
definition of the ideal, (piiJ^ix)) = 'Jixji ^^id also ^\{J'{x)) = J^ix) for any A G (k^)^, 
because the ideal is Z^-homogeneous. By ([39]) we have that Tp{J'{x)) C J^{SpX), so there 
exists also an algebra morphism T~ : U{x) — > U{SpX), induced by the corresponding 
morfism. 

These algebras are generated by Ei, Fi, Li, Ki, and the identities TpT~ = T~Tp = id 
hold for each one of these elements, so these identities hold for all the elements of these 
algebras, and these morphisms are isomorphisms. □ 

This result lets us to prove the main result of this Section. The proof is similar to the 
one for HU Thm.5.25]. 

Proof of Theorem 13.11 

Set A^ := A~^{U~^{x)) \ {N^a : a G A^}. By the triangular decomposition. Lemma 
12.81 Theorem 12.91 and Proposition 13.26] we have that 

(72) ^C/+{x) = ^U+^{x)^h(Ep) = ^p(^u+^{s;x))^hiEp), 

for all p G {1,...,^}, because deg(Tp(X)) = Sp(degX) for each homogeneous element 
X G U{x)- Recall that h{Ep) G {ordgpp,oo}, so 

(73) A+ (C/+(x)) = Sp (A+ {U+{s*pX)) \ {«p, A^p«p}) U Sp, 
where Sp = {ap}, or Sp = {ap, Npap], so Ai^ = Sp ( A^'''^ \ {ap}) U {ap}. 
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In this way, if we consider the sets A^, for each x in a Weyl equivalence class of a 
fixed braiding with finite root system, then R = {A^} is a root system for our Weyl 
groupoid, according with the Definition 11.171 As we have a finite root system, it follows 
that A^ = A^, for all Xi because by Proposition 11.211 all the roots are real. In this way, 

{U~^ {x}) is obtained from adding NaO, for some a £ A^. Fix an order on the letters 
Xi and consider the corresponding PBW basis. We have a projection vr-^ : U{x) u(x) 
of graded braided Hopf algebras, so the corresponding x^ of the PBW basis of u(x) are 
generators of the PBW basis of U{x), by the definition of Kharchenko's PBW basis. On 
the other hand, each simple root of a non-Cartan vertex satisfies * = in C/(x)) so 
NiOi ^ A+ (C/+(x))- Therefore (I72|) implies that 

N^a i A+ (?7+(x)) , for aU a € A^ \ 0(x), 

because a is of the way a = w{ai) for some w € W and i € {1, . . . , 9}, i a non-Cartan 
vertex in the corresponding x'- Analogously, for each Cartan vertex i, Niai € A+ ([/"'"(x)), 
because Ef^ in U{x)-, so 

Nc^a £ A+ (f/+(x)) , for ah a G 0(x). 

Therefore A+(?7+(x)) = A^ U {N^a : a G 0(x)}. 

Suppose that the degree NaO in A+(C/+(x)) corresponds to a Lyndon word of this 
degree: we can assume that it is of minimal length, and we denote it by u; set (v, w) = 
Sh(u). In this way, degv = f3, degw = 7, for some f3, j G A^, and /3 + 7 = NaO. As 
all the roots are real, we deduce that if /3 < 7, then /3 < a < 7, by a similar argument 
to the convexity properties in |A2j . We can consider then the case f3 = ai, because 
if /? = Sj^ • • • Sij.(aij.^J, where w = Sj^ • • • Sj^. is the beginning of the expression of the 
element of maximal length, we apply to obtain that + 7' = Nao' for some 

a', 7' G A^. Note also that Na > 2, because if we suppose A^^^ = 2, then a is applied in 
a simple root Qj corresponding a Cartan vertex by some element of the Weyl groupoid, 
and as is invariant by the action of the Weyl groupoid, it should be qu = —1, but it 
corresponds to an isolated vertex or a non-Cartan vertex, which is a contradiction. Set 

e e 
a = njUj, 7 = ^jCtj^ some nj,mj G Nq. 

Note that mj = NaUi — 1 > 2, and for j 7^ i, rrij = N^rij > 3, so supp7 = suppa. By 
simplicity assume that suppa = {1, . . . ,6}; note that the vertices of supp/3 corresponds 
to a connected subdiagram, for any positive root /3. 

By these considerations we reduce the problem to an analysis case by case of the 
positive root systems of connected diagrams, and we do it with the help of the program 
SARNA |GHVj . We look for the possible 7 such that all the coordinates, except at most 
one, are divisible by an integer > 3, and the remaining coordinate is > 2, so we just have 
a few 3-uples in rank two or three. Analyzing each of these 3-uples 

(a, 7, i) G A^ X Ai^ X {1, . . . , 9} such that there exists G N : 7 = Na, 

we note that A^ 7^ A^^ for all of them. Therefore, there are no Lyndon words of degree 
NaOi, SO the generators of degree NaOt are 2;^", and then the elements 

^"fe R / < < Nj, si /3j ^ 0{x) 

■ ■ ■ ft G I Q ^ ^ ^ ^^^^ 

are a PBW basis of C/(x). As x^- = in u+(x), vr^ induces a surjective morphism 

< : [/(x)/(x^ : a G 0(x)) u+(x), 
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which appUes the set 

generating linearly the quotient, to the corresponding PBW basis of u^(x)- Therefore tt^ 
is an isomorphism. □ 

4. Generation in degree one 

Now we answer positively the Conjeturedl formulated by Andruskiewitsch and Schnei- 
der, but restricting to the case in which G{H) is abelian. The technique of the proof is 
the same that these authors use in jAS4j . extended in some works to other families. In 
particular, the first Lemmata of this Section correspond to relations generating the ideal 
for standard braidings as in jAGIj . but the proof is made in a general context. 

In what follows F denotes a finite abelian group, and S = 0„>o S{n) is a graded 
braided Hopf algebra in such that S{0) = kl, generated as an algebra by V := 5(1). 
Fix a basis {xi, . . . ,xg} of V, so V has a braiding of diagonal type: we can assume that 
Xi S ^(l)^^ for some G F and Xi ^ T. Set then qij := Xjidi) ^ k^. 

We will prove that if S is finite dimensional, then S is the Nichols algebra B{V) 
associated to V. We will obtain then the main Theorem of this Section, answering this 
Conjecture. 

We begin by extending |AS41 Lemma 5.4] for a general quantum Serre relation, proving 
that they hold in S, or S is infinite-dimensional. 

Proposition 4.1. Let S be as above. If there exist i,j E {1, ■ ■ ■ ,0} such that q-- '^^^ ^ 1, 
and also adc(xj)^^™'^ (rcj) 7^ 0, then S is infinite- dimensional. 

Proof. By definition of ruij, we have that q"^^^qij = 1. We begin the proof as in |AS41 
Lemma 5.4]. To simplify the notation, call m = ruij, q = qa, yi := x,, 1/2 ■= Xj, 7/3 := 
adc{xiy^"^{xj). Set also 

hi= gi, h2 = gj, h3 = gT'^^gj, 

m = Xi, V2 = Xj, V3 = xT^^Xj, 

so yfc G 5^^, 1 < /c < 3. If ly = kyi + ky2 + kya, then W C P(S') (because 7/3 is also 
primitive), so there exists a monomorphism B{W) ^ S. We compute the corresponding 
braiding matrix {Qf^i = r]i{hk)) i<^j^ ;<3, and consider the corresponding generalized Dynkin 
diagram: 

(74) 

— m{m+l)^2 

We will consider the different possible cases and prove that no one of them are in |H3j , 
so B{W), and in consequence S, is infinite-dimensional. Suppose that the diagram ([71|) is 
in Heckenberger's list: 

Case I: QkiQik / 1 for all 1 < A; < / < 3. By \H.3\ Lemma 9], 1 = Y[k<iQkiQik = 
^2-m(m+i)^2^^ and at least one of the vertices is labeled with —1. Note that q ^ — 1, 
because in such case m = (and we assume ^ 1). Also qjj 7^ Q"^~^^Qjj by hypothesis, 
so there is only one vertex labeled with —1. 

• If qjj = —1, then 1 = {q"^'^^ qjj){q~"^^"^~^^^ qjj) = —q^~"^^ and m = 1 by the same 
Heckenberger's Lemma, which is a contradiction. 
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• If q^^^qjj = — 1, then 1 = qq"'~^^ = by the same result, and also 

1 _ „ (^—m(m+l) 2 \ 3 -■m(m+3)+2m _ 3 _2m 

~ "jjiy 'ijj) ~ ^jj^ ~ ^jj^ ' 

SO we deduce that 

-1 = (-1)3 = = ((7|j.g2m)^m+3 ^ ^m+3^ 

which is also a contradiction. Therefore (|74p does not belong to Heckenberger list 
for this case. 

Case II: Q12Q21 = = 1. In this case m = 0, so ([7¥|) becomes: 

(75) olln oljj 

If Qjj = — 1 we obtain the connected subdiagram o~i , which has no vertices 

labeled with —1, and these labels are different. Such diagram is not of finite Cartan type 
and moreover it does not correspond to any diagram without —1 in the vertices in rows 
5, 9, 11, 12, 15 of [H3l Table 1], so B{W) is infinite-dimensional. 

If qjj 7^—1 and q = —1, we have an analogous situation, so g / — 1 and (fTSl) is a 
connected diagram of three vertices. If qqjj 7^—1, then jH3l Lemma 9] implies that one 
of the following situations holds: 

• the diagram is of finite Cartan type, so it contains a subdiagram of Cartan type 
A2. Then I = qq^ = {qqjj)q^ , or 1 = q^^q^^^ = {qqjj)qjj, so g = 1 or qjj = 1; 

• q^ = 1, qjj, qjjq gGqU Gg, and qjjq'^j = 1 or q^j = 1, q, qjjq G Ge U Gg, qq"^ = 1. 

No one of these situations hold, so qqjj = — 1. If this diagram is in |H3[ Table 2], it follows 
that QiiQi2Q2i = 1 for some i € {1, 3} in all the possible cases. We can assume then i = 1, 
g3 = 1. By |H31 Lemma 9], one of the following situations holds: 

• qjj = 1, but also q^j = —q~^ = -1, 

• 4 = 1' 

• Qjj = -Q- 

No one of these situations are possible, so we obtain a contradiction in this case too. 
Case III: Q13Q31 = 5"^+^ = 1. We obtain the diagram: 

0I — — oin — — og-i-Jii, 

Such diagram is the corresponding to ([75]) . but changing qjj by qjjq~^, so it does not 
belong to HI Table 2]. Then / 1. 

Case IV: Q23Q32 = 1- This means g|j = so we have the diagram: 

(76) oin 0I -r.l'^+'ln 

^ ' g?n+2^ 

This diagram is connected by the previous cases. As m 7^ 0, ^ 1, it follows that 

q^ —\. Consider the different possible values of the labels of the vertices: 
qjj = q'"'^"'"qjj = — 1: that is, 5™+^ = 1 and we have the diagram: 

o<? 0-1, 

which is not in Heckenberger 's list. 
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qjj = -l,q'"+iqjj / -1: By [H3l Table 2], it should be 1 = Q22Q23Q32 = and 
we should have the diagram 



Moreover, 1 = q]j = = g2m ^ ^-6_ ^^^^ ^^^^^^ ^3 ^ i because q"" ^ 1, so q e Gq. 

But this diagram is not in Heckenberger's list. 

qjj 7^ — 1, q'""'"-'-qjj = —1: as above, 1 = Q22Q21Q12 = q^~"^- By definition it should 
be m = 1, with the same diagram of the previous case and q G Gq, so we obtain the same 
contradiction. 

qjj, q'""'"-'-qjj 7^ —1: By \I13\ Lemma 9], one of the following situations holds: 

• the diagram is of Cartan type. Then, q = qjj and m = 1, or q = q^~^^qjj = q~^~'^. 
In both cases we obtain the same diagram, 

q q-^ 

We discard easily the cases A^,Cz, because q,q^ 7^ q^ . If it is of type i?3, q = 
{q^)"^ = q~^ , which is a contradiction. 

• qjj G G3, g G Ge U Gg and 1 = q^"^ = qjjq^"^"^^. Then m = 1 and = qj^ , 
so q^^ = 1, but we obtain then a contradiction with the fact that g € Gg U Gg is 
primitive. 

• q"^~^^qjj G G3, g G Ge U Gg y 1 = qjjq'"^ = Again q^^ = 1, and we obtain 
the same contradiction. 

In consequence, ()74p is not in Heckenberger's list, and S is infinite-dimensional. □ 

Now we continue with another Lemmata from |AGI| . just adapted to this general 
context. 

Lemma 4.2. Let j, fc, I G {1, . . . , ^} he such that q^]^ = —1, q^j = qkC^ ^ 1, qji = 1. If 

] 7^ is a primitive element of S, then S is infinite-dimensional. 

Proof Set u := [xjM,Xk]^, Qu ■= QjOlgi S L, Xu ■= XjXlxi G f , g := qf^; we work then as 
in the previous Lemma. 

We compute the braiding corresponding to the primitive elements yi = Xj, y2 = Xk, 
2/3 = xi and 7/4 = u, with the corresponding elements hi G F, r^j G T; we will prove that 
such braiding has an associated Nichols algebra of infinite dimension, and so S has infinite 
dimension. The corresponding generalized Dynkin diagram to {Qrs = ''?s(^r))i<r,s<4 is: 

(77) o'in —— 0-1 



g2 g-2 



QqjjQn Qqii 

Suppose that such diagram is in Heckenberger's list. If g = —1, then ([77|) contains ([75]) 
as a subdiagram, so it does not appear in the list. Therefore q 7^ —1. As each diagram in 
|H3] Table 3] does not contain a 4-cycle, it follows that Q.'jjQ^'^ = 1, or qf^q^ = 1. As the 
conditions are symmetric, it is enough to consider the case qjj = ±q. 

If we also have qu = ±q~^, and as Q44 = qjjqu 7^ 1, the diagram contains the following 
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which is a contradiction with |H31 Lemma 9]. In consequence we have: 

o±g _^ Q-1 — — oljm. 
1 ^ m 

Suppose that qjj = —q. As Q11Q12Q21 7^ we deduce from |H31 Table 3] that mi2 = 2; 
that is, 

= (1 - Ql^){Ql^Qi2Q2i - 1) = (1 + q^){q - 1), 

which gives conditions about but each diagram in |H31 Lemma 9] does not satisfy this 
condition. 

Therefore qjj = q. We look at |H31 Table 3] but a diagram in such list does not satisfy 
Q22 = —1, Qii = QiiQ^^ = Q so ([77|) is not in the list. In consequence, S* has 

infinite dimension. □ 



Lemma 4.3. (i) Let i,j G {1, ■ ■ ■ ,0} be such that qjj = —1, qaqfj € Gg, and also qa € G3 
or rriij > 3. // [xnj^Xij]^ G '^(5') \ {0}, then S is infinite- dimensional. 
(ii) Let i,j, A; € {1, . . . , 0} be such that qa = i^qfj € G3, qi^ = 1, and also —qjj = qijqfk = 1 
^ll ~ 'lij ~ ^ V [^ii'jk,Xij]^ € 'P(5') \ {0}, then S is infinite- dimensional. 

Proof, (i) We follow the same scheme of proof. Set 

Ul — Xi, 1/2 — Xj, 2/3 = [Xiij , Xij]^ , 

and hi & rji € T, i = 1,2,3 the corresponding elements. Suppose that the braiding 
matrix {Qrs = %(^r))i<r,s<3 appears in Heckenberger's list. The associated generalized 
Dynkin diagram is 




Then Qy^ = qf- ^ 1, so m,j > 3. Moreover the diagram is connected, so it is of type super 
G(3) , the unique diagram of rank three such that some irirs is > 3. Therefore 1 = Q23Q32 = 
q^, which is a contradiction, so the diagram associated to (Qrs) does not correspond to a 
finite-dimensional Nichols algebra. In consequence 5 is infinite-dimensional. 

(ii) Set w := [xnjk, Xij]^, and denote as above yi = Xi, 1/2 = Xj, = x^, 2/4 = w, 

W the subspace generated by these elements, and hi G F, iji G F, i = 1,2,3,4 the 
corresponding elements: suppose again that B{W) is a finite-dimensional Nichols algebra. 
Set C = qa £ G3. We analyze each possible case. 

• ^jj QijOjk = 1: the diagram of (Qrs) becomes 




As Q12Q21, QiiQii, Q42Q24 7^ 1) and the product of these three scalars is not 1, 
such diagram is not in Heckenberger's list, by [H3[ Lemma 9]. 
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Ijl = Qij = Qjk ¥^ now we have the diagram 



o'JfcfeC 

The lack of 4-cycles in Heckenberger's hst imphes that 1 = QsiQ^s = Q^.f^.C'^, so 
QkkC = because Q44 = qkkC 7^ 1- But this diagram does not appear in jH31 
Table 3]. 

We obtain a contradiction in all the cases, so S is infinite-dimensional. □ 
Lemma 4.4. Let i,j,k G {1, . . . be such that qlk, qfj, qJX ^ 1. Let 

_ 1 - Qjk r , _ /I ~N 

Qkj{^ - qik) 

If w ^ 1^(5) \ {0}, then S is infinite- dimensional. 

Proof. Set yi = Xi, 1/2 = Xj, = Xk, y^ = w,W the subspace generated by these elements, 
/ij G r, G r, i = 1,2,3,4 the corresponding elements, and {Qrs = ??s(^r))i<r,s<4: 
supppose as above that B{W) is finite dimensional. Note that 

QuQai = qiiQijqik = QiiQjk \ 

because qfjqikqjk = by |H31 Lemma 9]. By the same Lemma at least one vertex is 
labeled with —1. Then, qa = —1, we have that QuQn 7^—1; the same holds for the 
other vertices, so exactly one vertex is labeled with —1 (we have no 4-cycles). We look 
for possible braiding with these conditions in |H3t Table 3], but no one coincides with this 
description. Therefore BiyV) is infinite-dimensional, and S too. □ 

Lemma 4.5. (i) Let i,j, k G {1, ■ ■ ■ ,0} be such that one of the following conditions holds: 

• Qii = Qjj = -1, of/ = Ofk'^, qrk = l, or 

• Qij = (lji= Qii = -Qjk^ e £3, qTk = h or 

• Qkk = Qjk = Qjj = -1, qu = -Qij G G3, qik = 1, or 

• Qjj = Qij = Qii^, Qkk = Qjk'^ = -QuiJik = 1, or 

• Qii = Qjj = Qkk = —1; ^Qij = Qjk £ G3, qik = 1, 

If \\xij,Xijk\^,Xj\^ G V{S) \ {0}, then S is infinite- dimensional. 

(ii) Let i,j,k G {1,...,6} be such that qu = qjj = -1, {qfjf = {qfk)~^ , Qik = If 
[[xjj, [xjj, Xjjfc] J g ; ^ G V{S) \ {0}, then S is infinite- dimensional. 

Proof, (i) Set yi = Xi, 7/2 = Xj, 7/3 = Xk, 2/4 = [[xij,Xijk]^,Xj\^, W the subspace generated 
by these elements, /ij G L, ?7j G L, i = 1,2,3,4 the associated elements and {Qrs = 
fls{hr))i<r,s<i the braiding matrix. We will consider the associated generalized Dynkin 
diagram for each case. 

For the first case, we have the following diagram, where q := qij: 



Qkk 




-Ikk 
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Suppose that B{W) is finite-dimensional. Then Q33Q32Q23 = so q^k = q'^ and then 
Q34Q43 = Q~'^ 7^ 1- III consequence such diagram is of type super F{4). Then 1 = 
QuQii = which is a contradiction. 

For the second case, Q12Q21 = Qu £ G3, and QuQ^i = —1, so the diagram contains a 
4-cycle and then B{W) is infinite-dimensional. An analogous situation holds for the third 
case, because Q12Q21 = —Qu £ Gg, and Q14Q41 = — 1. 

For the fourth case, Q23 = (524 = Q34 = Okj ^ and Q14 = (5i2 = 9ii / 1, so ^(1^) is 
infinite-dimensional . 

For the last case, (^44 = 1, and then B{W) is infinite-dimensional. 

Therefore S is infinite-dimensional in all the cases. 

(ii) We use the same notation, but in this case 2/4 = [[xij, [xij,Xijk]^]^ ,Xj~\ . So we have 
the following diagram for (Qrs)- 




Q — Qkk 



where q = qfj- Suppose that B{W) is finite-dimensional. By \li3\ Table 3], this diagram 
cannot be connected. In consequence, 1 = QnQu = Q34Q43, so q^k = il- But then 
<533 = 1, or (^44 = 1, which is a contradiction to the fact that B{W) is finite-dimensional. 
So 5 is infinite-dimensional. □ 



Lemma 4.6. Let k,l e {I, . . . ,9} be such that qjjqij = Qjjqjk = 1, Qjk'^ = Qkl ^ = Qu, 
Qkk = -I, qTk = qu = oil- If [[[xijkl,Xk]^,Xj]^,Xk]^ G V{S) \ {0}, then S is infinite- 
dimensional. 

Proof. We use a similar notation and consider the corresponding subspace W generated 
by the corresponding primitive elements. Suppose that B{W) is finite-dimensional. Its 
associated Dynkin diagram is 




q = qjj. 



o 



Note that 1 = Q15Q51, because there are no 5-cycles and q'^ ^ 1. Therefore qu = q, but 
this diagram is not in Heckenberger's list, so B{W) is infinite-dimensional, and S too. □ 

Lemma 4.7. Let k € {1, ■ ■ ■ ,0} be such that qjj = qfj'^ = qfk- 

(i) If qjj G G3 and ^[xijk,Xj]^Xj~^^ G I^iS) \ {0}, then S is infinite- dimensional. 

(ii) If qjj € G4 and [[[xijk, Xj]^ , Xj~\ ^ , Xj~\ ^ G I^i^) \ {0}? then S is infinite- dimensional. 

Proof, (i) Using the same notation as in previous Lemmata, we have the diagram 
qQu o^fcfe , C = Qjj G G3, 




for yi = Xi, 2/2 = Xj, 2/3 = Xk, Va = [[xijk,Xj]^Xj]^, with corresponding matrix {Qrs)-, and 
W is the subspace generated by these elements. Note that 
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• if qu = Qkk = -1, then Q44 = 1; 

• if qii,qkk 7^ —1) then the diagram contains a 4-cycle; 

• if Qu = —1, Qkk 7^ — 1, or gjj 7^ — 1, q^k = — 1, the diagram contains o'? o~i 

as a subdiag ram (wli6r6 q — Qa or q = qkk), and this connected subdiagram of 
rank two is not in |H31 Table 1]. 

In ah the cases B{W) is infinite-dimensional, so S too. 

(ii) The proof is analogous. □ 

Lemma 4.8. (i) Let i,j,k,l € {!,..., 0} be such that qu = qik^^ = qkk = Qjk~^ = , 

Qij = Qii^ = for some g G k^, qjj = -I, = qu = = 1. 

If [[[xijk,Xj]^, [xijki,Xj]^'^^,Xjk]^ E 'PiS) \ {0}, then S is infinite- dimensional. 

(ii) Let i,j,k,l G {!,..., 9} be such that qfi, = qfj = qj^ e G4 U Gg, qu = qkk = -1, 

qfk = qu = oil = qfk^ = qfk- if [[xijk,[^ijki-.Xk]^^,Xjk]^ e V{S) \ {O}, then S is 
infinite- dimensional. 

Proof. We use the same notation and strategy as in the previous Lemmata. 

(i) We have that Qis = 7^ 1, and the diagram corresponding to {qst) does not admit 
extensions with finite root systems. Therefore S is infinite-dimensional. 

(ii) Now, Qis = q^ ^ 1, and we conclude the same as in (i) . □ 

Lemma 4.9. Let i,j, k, I G {1, ■ ■ ■ ,9} be such that one of the following situations hold: 

o qkk = -1, qu = qTj'^ = qjj, m = qu^ = q%, qfk = qj^, qTk = qii = qj'i = f, 

o qu = qij~^ = -q'{i^ = -qki, qjj = qjk = qkk = qTk = qu = qjl = or 

° qjj = qjk G G3, qu = qij = qu = qu = —qjj: qkk = — i, qik = qu = qji = i- 

If [[xijkuXj]^,Xk\^ - qjk{qij~^ - qjj) [[xijkhXk]^,Xj\^ G V{S) \ {0}, then S is infinite- 
dimensional. 

Proof. Using the same notation and strategy as in the previous Lemmata, we compute 
the diagrams for {Qrs) in each case, and note that the diagrams of {qrs) does not admit 
extensions with finite root systems. 

• In the first case, Qss = qjj 7^ 1. 

• In the second case, (525 = 7^ 1- 

• For the last one, Q35 = —q^jj 7^ 1- 

Therefore S is infinite-dimensional in any case. □ 

Lemma 4.10. (!) Let i,j,k G {1, ■ ■ ■ ,9} be such that qkk = qjj = qij~^ = ^k~^ G Gg, 
qfk = 1,- qu = qlk- If [[xuj,xujk]c,Xij]^ G V{S) \ {0}, then S is infinite- dimensional. 

(ii) Let i,j,k G {1,...,6} be such that qu = qfj'^ € Gg, qjj = qfk~^ = qu, qTk = 'f, 
qkk = qfi- If [[xijk,Xj]^,Xk]c - (1 + qjk)~^qjk [{xijk,Xk]^,Xj]^ G V{S) \ {O}, then S is 
infinite- dimensional. 

Proof. We use the same notation and strategy as in the previous Lemmata, and note also 
that these diagrams does not admit extensions with finite root systems. 

(i) In this case, (^34 = qjk 7^ — Ij so S is infinite-dimensional, because the diagram of {Qrs) 
is connected and contains the diagram of {qij). 

(ii) Now, Q34 = qjj ^ —1, and S is also infinite-dimensional. □ 
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Lemma 4.11. (i) Let i,j,k S {1, ■ ■ ■ ,0} be such that qa = q^k = ofj = Qjj = Qjk~^ , 
qik = I. If [xij,Xijk]^ G T^{S) \ {0}, then S is infinite- dimensional. 

(ii) Let i,j,k G {1,...,9} be such that qu = q^k = -1, qfj e G3, qjj = ±q[j = -qjk, 
qfk = 1. // [xi,Xjjk]c - (1 + [xijk,Xj]^ - (1 + + Xj^ijk G V{S) \ {0}, 
then S is infinite- dimensional. 

(iii) Let i,j,k G {1, ... ,6*} be such that iifk = 1, qu = qfj = -qfk G G3. // [xj, [xij,Xik]^]^ + 
QjkQikQji [xiikiXij]^ + qij XijXiik G V{S) \ {0}, then S is infinite- dimensional. 

(iv) Let i,j, k e {1, . . . ,9} be such that qjj = qkk = Qjk = -1, Qu = -Qij G G3, gj^ = 1. // 
[xiijk, Xijk]^ G V{S) \ {0}, then S is infinite- dimensional. 

Proof. We consider the same notation as before. We consider the subspace W generated 
by yi = Xi, y2 = Xj, ya = Xk and 1/4 (the primitive element corresponding to the relation), 
where yi G VF^', for some hi G T, ry^ G T, and set {Qrs = i]s{hr))- We will prove again that 
13{W) is infinite-dimensional, 
(i) The corresponding diagram of (Qrs) is 

-1 

0-1 , Q = qjj G G3 U G4 U Ge. 



If g G G4 then Q44 = 1, so B{W) is infinite-dimensional. If g G G3 U Gg, the diagram is 
not in |H31 Table 3], so B{W) is also again infinite-dimensional. 

(ii) We note that Q14Q41 = Q34Q43 = qjj G G3. Therefore, the diagram corresponding to 
(Qrs) contains a 4-cycle, and then B{W) is infinite-dimensional. 

(iii) In this case, Q24Q42 = -Qu and Q34Q43 = -Qkk / li because qkk G The 
diagram corresponding to (Qrs)r,s=2,3,4 is a 3-cycle such that (524Q34Q23 7^ 1- |H3l Lemma 
9] implies that B{W) is infinite-dimensional. 

(iv) B{W) is infinite-dimensional because Q44 = 1. □ 
Lemma 4.12. Let i,j G {1, ■ ■ ■ ,0} be such that the satisfy one of the following conditions: 

(0 —Qiii —Qjji QiiQij-i QjjQij 7^ f; 

N>-.]J. - ^'|i^~)^^f^^ 4 € ^(S) \ {0}; 

(ii) Qjj = — Ij ^22^^^ ^ Gg, and ako ?n^,j G {4, 5}, or m^j = 3, qa G 

^ 1 1 - gir^u - QiiQij Qjj Jl cTX'QM/nl. 

QiiQij )Qji 

(iii) 4ai -|- 3aj ^ A^, = —1 or ruji = 2, and also ruij > 3 or niij = 2, qu G G3, 

[xicx,+2a,,Xij\c G V{S) \ {0}; 

(iv) 3aj 2aj G A^, 5ai 3aj ^ A^, and qffffj, qf^qfj / 1, [xiij,xza,+2aj\c G P(5') \ {0}; 

(v) 4a, + 3aj G A^, Sq, + 4aj ^ A^, [2;4a,+3a, , 2;»j]c G P(S) \ {0}; 

(vi) 5ai 2aj G A^, Ta^ 3aj ^ A^, [kmj, Xjij], Xi^jjc G ^(5) \ {0}; 

(vii) qjj = -1, 5ai + Aaj G A^, [xiij,X4ai+3aj]c-axl^^^2a, ^ ^('S')\{0}, for some a G k^. 



Then S is infinite- dimensional. 
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Proof. Firstly we note that there exists just one connected generahzed Dynkin diagram 
of rank three such that 3aj + 2aj € A^, for some pair which is exactly the unique 
one such that ruki > 3 for some pair k, I. Moreover, 4aj + 3a j, 5aj + Aaj, are not positive 
roots for any pair i,j and any connected Dynkin diagram of rank 3. 

We consider as above the subspace W generated by yi = Xi, y2 = Xj and ys, the 
relation which is a primitive element by hypothesis, and analize its generalized Dynkin 
diagram. 

(i) If Q13Q31 7^ 1 or Q23Q32 / 1) then B{W) is infinite-dimensional. In other case, 

Q13Q31 = qfiqfjQji = 1, Q23Q32 = QjjQijQ'ji = 1. 
so Q33 = qfiQijqjiQjj = 1, and B{W) is also infinite-dimensional. 

(ii) If qa € G4, cjij = qu = qjj^ (and then {qrs) is Cartan of type G2), then 

1^33 - qu QijIjiQjj - 

so B{W) is infinite-dimensional. In other case, Q13Q31 7^ 1, or Q23Q32 7^ or 

Q13Q31 = qfiqijq'ji = i, Q23Q32 = qfjqjiqjj, so Q33 = 1, 

and therefore B{W) is infinite-dimensional. 

(iii) Now we calculate 

Q33 = qiiqljqjfq^j, Q13Q31 = quq%q%, Q23Q32 = qfjqjiqjj- 

If (qrs) is Cartan of type G2 and qu € Gq, qfj = qjj = —1, then B{W) is infinite- 
dimensional, because we have a connected diagram of rank three such that M12 = 3, and 
it is not of type super G(3). In other case, we will prove that Q13Q31 / 1 or Q23Q32 7^ 1 
to conclude that B{W) is infinite-dimensional. If niji > 2, we have the following possible 
cases: 

• qu = -Cqfj = C qjj = C^, C e Gg; in such case, Q23Q32 = C- 

• qu = -Cqfj = -C^^, qjj = C^, C e G15; therefore, Q23Q32 = C^- 

Also, if qu = C^, qTj = C^, qjj = —1, C ^ G12, then Q13Q31 = C- In all the remaining cases, 
qjj = -1 and qfj ^ G4, so Q23Q32 / 1- 

(iv) This relation is not redundant just in the following two cases: 

oC' ^ 0-1 , C G Gg, o^"' — ^ o-T* , r? G G15. 

Note that they are not contained in any connected diagram of rank three in |II31 Table 
2], so it is enough to verify that Q13Q31 7^ 1 or Q23Q32 / 1 to conclude that B{W) is 
infinite-dimensional. For the first diagram, Q23Q32 = 7^ Ij and for the second one, 
Q23Q32 = -r]-^ + 1. 

(v) The proof is analogous to (iii) . Note that 

n — «25„i2^2o _i6 n n — r^^n'^ «4 n n — rF> 

W33 — qu ^ij Qji Qjj ' tt^i3V3i — qu qijqji^ 1^23(^32 — qijqjiqjj- 

We have that qjj = — 1 for every diagram satisfying the conditions for this item. Also, 
if = C G G5, gj^ = C^) it follows that Q33 = 1. In the remaining cases, qfj ^ G^, so 
Q32Q23 7^ —1) and then B{W) is infinite-dimensional. 

(vi) In this case, 

n — „49^21^21„9 r) n — «14^3 „3 ri n — «7 _7 „6 

V33 — qu lij Qji Qjj^ (^13t<^31 — qu QijQji^ V23(^32 — Qijqjiqjj- 

We have that qjj = — 1 for every diagram satisfying the conditions for this item, and also 
qfj ^ G7, so Q23Q32 7^ 1- Therefore B{W) is infinite-dimensional. 

(vii) The proof is analogous to the one for (i) . 
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We conclude that S is infinite-dimensional in all the cases. □ 

Now we can prove the main Theorem of this Section. 

Theorem 4.13. Let S = ®n>oS{n) be a finite- dimensional graded Hopf algebra in ^yT>, 
where T is a finite abelian group, such that 5(0) = kl. Fix a basis xi, . . . ,xg ofV := S{1), 
such that Xi G ^(l)^^ for some gi and Xi £ o,nd set qij := Xjidi)- If S is generated 
as an algebra by 5(0) © 5(1), then S ^ B{V). 

Proof. As 5 is generated as an algebra by 5(0) © 5(1), the canonical projection T(y) 
B{V) = T{V)/I{V) induces a surjective morphism vr : 5 -» B{V) of graded braided Hopf 
algebras; we can consider 5 = T{V)/I, for some graded braided Hopf ideal I of T{V), 
generated by homogeneous elements of degree > 2, / C I{V). 

Suppose that I{V) ^ I. Then at least one of the generators of I{V) from Theorem 
13.11 does not belong to /. We can assume that x € I{V) \ / is one of these generators, of 
minimal degree k. Then x is primitive in 5 by Lemma |3.2[ 

By Proposition 14.11 and Lemmata I4.2IHT21 we deduce that x = x^"' for some a € O, 
or a simple root a = Oi such that i is not a Cartan vertex, or a = + aj, such that 
Na = 2, qu = Qjj = qfj = —1- If da ^ ^, Xa ^ ^ are the associated elements, we have that 
Qa = Xa{ga), which is a root of unity of order N^- Therefore g^" S F and Xa" ^ ^ 
the associated elements to x, and 

C(x ® x) = • X (g) X = Xa" iaa") X ® X = X © X, 

so X generates in 5 an infinite-dimensional braided Hopf subalgebra, and we obtain a 
contradiction. In consequence, S = B{V). □ 

Remark 4.14. Note that we just use the fact that the braiding is diagonal, so we can 
generalize this Theorem to a general braided Hopf algebra R in ^yD, where H is a 
finite-dimensional Hopf algebra which acts diagonally over i?(l). 

The following Theorem answers positively Conjecture [T] in the case that the group of 
group-like elements is abelian. It extends |AS41 Thm. 5.5]. 

Theorem 4.15. Let H be a finite- dimensional pointed Hopf algebra over an abelian group 
r. Then H is generated by its group-like and skew-primitive elements. 

Proof. Let gx H = R^hT, V = R{1). Then H is generated by its group-like and skew- 
primitive elements if and only if gr H satisfies this condition, which is equivalent to the 
fact that R is the Nichols algebra B{V). Let 5 be the graded dual R* in the category 
QyD, which is generated as an algebra by 5(1) = V*. By |AS3t Lemma 2.3] it is enough 
to prove that 5 is the Nichols algebra B{V*), which follows by Theorem 14.131 □ 
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